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PREFACE 


rpHE present book forms Part II. of The Elements 
JL of Statics and Dynamics , of which Part I. ( Statics ) 
has already been published. 

It aims at being useful for Schools and the loss 
advanced students of Colleges ; the examples are, in 
consequence, large in number, and generally of a 
numerical and easy character. Except in two articles 
and a few examples at the end of the Chapter on 
Projectiles, it is only presumed that the student has 
a knowledge of Elementary Geometry and Algebra, and 
of the Elements of Trigonometry. 

It is suggested that, on a first reading of the 
subjects, all articles marked with an asterisk should 
be omitted. 

Part I. and Part II. are, as far as is possible, 
independent of one another; lienee, any teacher, who 
wishes his pupils to commence with Dynamics, may 
take Part II. before Part I., by omitting an occasional 
article which refers to Statics. 

Any corrections of mistakes, or hints for improve- 
ment, will be gratefully received. 

Barnes, S.W. 

March, 1891. 


S. L. LONEY. 
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DYNAMICS. 


CHAPTER I. 

VELOCITY. 

1. If at any instant, the position or a moving point 
be 1\ and at any subsequent instant it bo Q, then PQ is 
tho change in its position in the intervening time. 

A point is said to be in motion when it changes its 
position. The path of a moving point is the curve drawn 
through all the successive positions of tho point. 

2. Speed. Def. The speed oj a movimj 'point is 
the rate at which it describes its path. 

A point is said to bo moving with uniform speed when 
it moves through equal lengths of its path in equal times, 
however small these times may ba 

Suppose a train describes 30 miles in each of several consecutive 
hours. We are not justified in saying that its speed is uniform unless 
we know that it describes half a mile in each minute, 44 feet in each 
second, one-millionth of 30 miles in each one-millionth of an hour, 
and so on. 

When uniform, the speed of a point is measured by the 
distance passed over by it in a unit of time; when variable, 
by the distance which would be passed over by the point in 
a unit of time, if it continued to move during that unit of 
time with the speed which it has at the instant under 
consideration. 


L. IX 
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By saying that a train is moving with a speed of 40 miles an hour, 
we do not mean that it has gone 40 miles in the last hour, or that it 
will go 40 miles in the next hour, but that, if its speed remained 
constant for one hour, then it would describe 40 miles in that hour. 

When the speed of a point is not uniform, it may be 
measured at any instant as follows; take the distance s 
that it describes in the next tenth of a second ; then the 

s . space described . . 

quantity -y-, i.e. —^7— 'taken — ’ 18 an a PP roxima ‘' lon to 

the speed required. For a nearer approximation, let s x be 
the distance described by it in the one-hundredth of a 

second which follows the moment considered ; then 

T00‘ 

. space described . . A ... 

i.e. ---. --= , is a nearer approximation. A still 

time taken 1 

nearer approximation is —— , where s. 2 is the distance 
tow 

described in the one-thousandth of a second which follows 
the moment under consideration ; and so on, the time being 
taken smaller and smaller. By this means we obtain a 
definite notion of the varying velocity at any instant. 

In mathematical language this conception amounts to 
the following ; Let s be the length of the p ortion o f the • path 
described btf an wmng ^oint in the 

instant under consideration ; then the ultimate value of-, as 


the t ime t is taken smaller and smaller ^ is the measure of the 


speed of the moving point at the instant under consideration . 


In a similar way the rate of Change of an 


(be it money, population of a country, or speed or anything 
else whose change can be measured) is the ratio of the 
change in that quantity to the small lime in winch tlie 

-- I.t tJIMMa 

cnange occurs. 




VELOCITY 


3 


3. The units of length and time usually employed in 
England are a foot and a second. 

A foot is the third part of a yard. A yard is defined 
to bo the distance between the centres of two small gold 
plugs inserted in a solid brass bar which is kept at West- 
minster. 

A day, i.e. the time taken by the Earth to rotate once 
on its axis, is divided into 24 hours, each hour into 60 
minutes and each minute into 60 seconds. Hence the 
definition of a second. 

In scientific measurements the unit of length generally 
used is the centimetre* which is the one hundredth part of 
a metre. A metre was meant to be defined as one ten- 
millionth part of a quadrant of the Earth’s surface, i.e. of the 
distance from the North Pole to the Equator. In practice 
it is the length of a certain platinum bar kept in Paris. 

One metre = 39-37 inches approximately, and therefore 
a foot -- 30*48 centimetres nearly. 

A decimetre is y^th, and a millimetre y^V^th of a metre. 

4 . The unit of speed is the speed of a point which 
moves uniformly over a unit of length in a unit of time. 
Hence the unit of speed depends on these two units, and if 
either, or both of them, be altered, the unit of speed will 
also, in general, be altered. 

5. If a point be moving with speed u 9 then in each 
unit of time the point moves over u units of length. 

Hence in t units of time the point passes over u . t 
units of length. 

Hence the distance a passed over by a point which moves 
with speed u for time t is given by a = u . t. 

It is easy to change a velocity expressed in one set of 

1 — 2 
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units to other units. For instance a velocity of 60 miles 
per hour is equivalent to 



1 mile per minute, 

or 

^ mile per second, 

or 

feet per second, 


88 feet per second. 


Ex. 1 . Shew that the speed of the centre of the earth is about 
18*5 miles per second, assuming that it describes a circle of radius 
93000000 miles in 365 days. 

Ex. 2. Shew that the speed of light is about 194000 miles per 
second assuming that it takes 8 minutes to describe the distance from 
the sun to the earth. 

6. Displacement. The displacement of a moving 
point is its change of position. To know the displacement 
of a moving point, we must know both the length and the 
direction of the line joining the two positions of the moving 
point. Hence the displacement of a point involves both 
magnitude and direction. 

Ex. X. A man walks 3 miles due east and then 4 miles due 
north ; shew that his displacement is 5 miles at an angle tan -1 ^ 
north of east. 

Ex. a. A ship sails 1 mile due south and then *J2 miles south- 
west; shew that its displacement is nJ5 miles in a direction tan -1 \ 
west of south. 

fix. 3. A vessel proceeded as follows, all the angles being 
reckoned from the north towards the east; 5 miles at 225°, 6 north, 
2 at 90°, 3 at 135°, 4 at 300°. The time taken was 2 hours, and the 
tide was flowing from east to west at the rate of 3 miles per hour. 
Shew graphically that the true distance between the initial and final 
positions of the vessel is about 9*18 miles and that it had moved 
towards the west a distance of 8*88 miles approximately. 

7. Velocity. Def. 1'he velocity of a moving point 
is the rate of its displacement. 

A velocity therefore possesses both magnitude and 
direction. 
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A point is said to be moving with uniform velocity, 
when it is moving in a constant direction, and passes over 
equal lengths in equal times, however small these times 
may be. 

When uniform, the velocity of a moving point is 
measured by its displacement per unit of time ; when vari- 
able, it is measured, at any instant, by the displacement 
that the moving point would have in a unit of time, if it 
moved during that unit of time with the velocity which it 
has at the instant under consideration. 


As in Art. 2, the velocity of a moving point, when not 
uniform, may be obtained by finding its displacements in 
the next ... of a second after the moment 

considered, and we thus obtain approximations gradually 
getting nearer and nearer to the measure required. 


Mathematically, if d be the displacement of the point in 
the small time t following the instant under consideration » 

then the ultimate value of j , as t is taken smaller and 

t 

smaller , is the velocity at the instant under consideration . 


8 . It will be noted that when the moving point is 
moving in a straight line, the velocity is the same as the 
speed. 

If the motion be not in a straight line the velocity is 
not the same as the speed. For example, suppose a point 
to be describing a circle uniformly, so that it passes over 
equal lengths of the arc in equal times however small; then 
its direction of motion (viz. the tangent to the circle) is 
different at different points of the circumference; hence 
in this case the ^velocity of the point (strictly so called) 
is variable, whilst its speed is constant. 



6 


DYNAMICS 


9 . The magnitude of the unit of velocity is the velocity 
of a point which undergoes a displacement equal to a unit 
of length in a unit of time. 

When we say that a moving point has velocity v, we 
mean that it possesses v units of velocity, i.e., that it would 
undergo, a displacement, equal to v units of length, in the 
unit of time. 

If the velocity of a moving point in one direction be 
denoted by v , an equal velocity in an opposite direction is 
necessarily denoted by — v. 

The expression ft./scc. is by some writers used to denote 
a velocity of one foot per second. Thus “a velocity of 
3 ft. /sec." means “a velocity of 3 feet per second." So “a 
velocity of lOcm./sec.” means “a velocity of 10 centimetres 
per second.” 

10 . Since the velocity of a point is known when its 
direction and magnitude are both known, we can con- 
veniently represent the velocity of a moving point by a 
straight line AB ; thus, when we say that the velocities of 
two moving points are represented in magnitude and 
direction by the straight lines AB and CD, we mean that 
they move in directions parallel to the lines drawn from 
A to B, and C to D respectively, and with velocities which 
are proportional to the lengths AB and CD. 

11 . A body may have simultaneously velocities in 
two, or more, different directions. One of the simplest 
examples of this is when a person walks on the deck of a 
moving ship from one point of the deck to another. He 
has one motion with the ship, and another along the deck of 
the ship, and his motion in space is clearly different from 
what it would have been had either the ship remained at 
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rest, or had the man stayed at his original position on the 
deck. 

Again, consider the case of a ship steaming with its bow 
pointing in a constant direction, say due north, whilst a 
current carries it in a different direction, say south-east, 
and suppose a sailor is climbing a vertical mast of the 
ship. The actual change of position and the velocity of 
the sailor clearly depend on three quantities, viz., the rate 
and direction of the ship's sailing, the rate and direction of 
the current, and the rate at which he climbs the mast. 
His actual velocity is said to be M compounded ” of these 
three velocities. 

In the following article we shew how to find the 
velocity which is equivalent to, or compounded of, two 
velocities given in magnitude and direction. 

12. Theorem. Parallelogram of Velocities. 

Jf a moving point possess simultaneously velocities which 
are represented in magnitude and direction by the two sides 
of a parallelogram drawn from a point , they are equi~ 
valent to a velocity which is represented in magnitude and 
direction by the diagonal of the parallelogram passing 
through the point. 

Let the two simultaneous velocities be represented by 
the lines AB and AC, and let their magnitudes be u and v. 

Complete the parallelogram BACD . 

Then we may imagine the motion of the point to be 
along the line AB with the velocity u , whilst the line AB 
moves parallel to the foot of the page so that its end A 
describes the line AC with velocity v. In the unit of time 
the moving point will have moved through a distance AB 
along the line AB, and the line AB will have in the same 
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HD 


time moved into the position CD> so that at the end of the 
unit of time the moving point will be at D, 

Now, since the two coexistent velocities are constant 
in magnitude and direction, the 
velocity of the point from A to D 
must also be constant in magni- 
tude and direction; hence AD is 
the path described by the moving , 
point in the unit of tima 

Hence AD represents in magnitude and direction the 
velocity which is equivalent to the velocities represented 
by AB and AC. 


To facilitate his understanding of the previous article the student 
may look on A G as the direction of motion of a steamer, whilst AB is 
a chalked line, drawn along the deck of the ship, along which a man 
is walking at a uniform rate. 


13. Def. The velocity which is equivalent to two or 
f more velocities is called their resultant, and these velocities 
are called the Components of this resultant . 

The resultant of two velocities u and v in directions 
which are inclined to one another at a given angle a may 
be easily obtained. 

In the figure of Art. 12, let AB and AO reprasent 
the velocities u and v, so that the angle BAC is a. 

Then we have, by Trigonometry, 

AD 2 =AB* + £D a - 2AB . BD cos ABD. 

Hence, if we represent the resultant velocity AD by w % 
we have 

w* as u* + ^ + 2 uv coso, since L ABD=ir — a. 

Also, if we denote the angle BAD by 0, we have 
AB sin ADB sin DAC 
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u 


sin (a — 6) sin a cos 0 - cos a sin 0 

sin 6 ~ sin 0 

= sin a cot 6 - cos a. 


cot 0 = 


u + v cos a 
v sin a 


so that 


tan 0 = 


vsina 
u + v cos a 


Hence the resultant of two velocities u and v inclined to 
one another at an angle a, is a velocity sju 2 + v 2 + 2 uv cos a 

V 8%Yl CL 

inclined at an angle tan" 1 to the direction of the 

r u + v cos a 


velocity u. 

The direction of the resultant velocity may also be 
obtained as follows; draw HE perpendicular to AB to 
meet it, produced if necessary, in E\ we then have 


tan DAB = 


ED __ BD sin EBD 
AE~~ AB + BDcosEBD 


-ysina 
u + v cos a 


14. A velocity can be resolved into two component 
velocities in an infinite number of ways. For an infinite 
number of parallelograms can be described having a given 
line AD as diagonal ; and, if ABDC be any one of these, 
the velocity AD is equivalent to the two component veloci- 
ties AB and AC. 

The most important case is when a velocity is to be 
resolved into two velocities in two directions at right angles, 
one of these directions being given. When we speak of 
the component of a velocity in a given direction it is under- 
stood that the other direction in which the given velocity 
is to be resolved is perpendicular to this given direction. 
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Thus, suppose we wish to resolve a velocity u, repre- 
sented by AD, into two components 
at right angles to one another, one 
of these components being along a 
line AD making an angle 0 with 
AD. 

Draw DB perpendicular to AB, 
and complete the rectangle ABDC . . 

Then the velocity AD is equivalent to the two com- 
ponent velocities AB and AC. 

Also AB = AD cos 0 — u cos 0 , 
and AC — BD ~AD$\i\0 = n sin 0. 



We thus, have the following important 

Theorem. A velocity u is equivalent to a velocity 
n cos 6 along a line making an angle 0 with its own direction 
together with a velocity u sin $ perpendicular to the direction 
of the first component. 

The case in which the angle 0 is greater than a right 
angle may be considered as in Statics, Art. 30. 

Ex. 1 . A man is walking in a north-easterly direction with a 
velocity of 4 miles per hour; find the components of his velocity in 
directions due north and due east respectively. 

Ans. Each is 2^2 miles per hour. 

Ex. 2. A point is moving in a straight line with a velocity of 
10 feet per second ; find the component of its velocity in a direction 
inclined at an angle of 30° to its direction of motion. 

5^/3 feet per second. 

Ex. a. A body is sliding down an inclined plane whose inclina- 
tion to the horizontal is 60°; find the components of its velocity in 
the horizontal and vertical directions. 

At is. ~ and u , where u is the velocity of the body. 

a a 


16 , Components of a velocity in two given directions. 

If we wish to find the components of a velocity u in two given 
directions making angles a and p with it, we proceed as follows. 
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Let AD represent u in magnitude and direction. Draw AB and 
AC making angles a and p with it, and through D draw parallels to 
complete the parallelogram ABDC as in Art. 12. Since the sides oi a 
triangle are proportional to the sines of the opposite angles, we have 

AB BD A B C, 

sin ABB ~~ sin BAD ” sin ABD ’ / p # 

ie AB _ BD __ AD 123* —*' 

' ’’ sin0 sin a sin(a+/3)‘ n J 3 


AB=AD~J iP -rr, and BD=AD 

am(a+p) sin(a + 0) 

Hence the component velocities in these two directions are 


bit) B , sin a 
l — 7 - ~r and u — —■ . 

sm(a + |8) sm (a + p) 


16 . Triangle of Velocities. If a moving point 
possess simultaneously velocities represented by the two sides 
AJJ and BC of a triangle taken in order , they are equivalen t 


to a vdnr.it, v re.me.se.ntMl by AC. 

For, completing the parallelogram A BCD, the lines AB 
and BC represent the same velocities as AB and AD and 
hence have as their resultant the velocity represented by AC 


Cor. 1 . If there be simultaneously impressed on a point three 
velocities represented by the sides of a triangle taken in order, the 
point will be at rest. 

Cor. 3. If a moving point possess velocities represented by X . OA 
and fL . OB , they are equivalent to a velocity (\ + ft ) . OG, where G is a 
point on AB such that 

\.AG=n.GB. 

For, by the triangle of velocities, the velocity X . OA is equivalent 
to velocities X . OG and \.GA; also the velocity fi.OB is equivalent 
to fi . OG and fi . GB ; but the velocities X . GA and /a . GB destroy one 
another; hence the resultant velocity is (X+/a) . OG. 


17. Parallelepiped of Veloetoee. By a proof similar to that 
for the parallelogram of velocities, it may be shewn that the resultant 
of three velocities represented by the three edges of a parallelopiped 
meeting in a point, a velocity represented by the diagonal of the 
parallelopiped passing through that angular point. Conversely, a 
velocity may be resolved into three others. 
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18. Polygon of Velocities. If a moving point 
possess simultaneously velocities represented by the sides 
AB, BC , CD y ...KL of a 
polygon (whether the sides 
of the polygon are, or are 
not, in one plane), the 
resultant velocity is repre- 
sented by AL. 

For, by Art. 16, the 
velocities AB and BC are 
equivalent to that repre- 
sented by AC j and again the velocities AC and CD to AD, 
and so on ; so that the final velocity is represented by AL. 

Cor. If the point L coincide with A (so that the 
polygon is a closed figure) the resultant velocity vanishes, 
and the point is at rest. 

19. When a point possesses simultaneously velocities 
in several different directions in the same plane, their re- 
sultant may be found by resolving the velocities along two 
fixed directions at right angles, and then compounding the 
resultant velocities in these directions. 




Suppose a point possesses velocities u , v 9 w,... in direc- 
tions inclined at angles a, j3 t y,... to a fixed line 0X t and 
let OF be perpendicular to OX. The components of u along 
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OX and OY are respectively u cos a and u sin a ; the com- 
ponents of v are v cos P and v sin ft; and so for the others. 
Hence the velocities are equivalent to 

u cos a + v cos p + w cos y parallel to OX , 

and u sin a + v sin' p + w sin y parallel to OY. 

If their resultant be a velocity V at an angle 6 to OX, 
we must have 

V cos 0 = u cos a + v cos P + w cos y + , 

and V sin 6 - u sin a + v sin p + w sin y + 

Hence, by squaring and adding, 


F 2 = (u cos a + v cos P+ ...)* + (u sin a + v sin P + ...)*; 
,. . . , . wsina + v sin /?+ ... 

yj lv'VT rlivTini/Wk 4>nvi Li • 


and, by division, tan 0 = 


u cos a + v cos p + 


These two equations give V and 6. 


EXAMPLES. I. 

1 . A vessel steams with its boiv pointed due north with a velocity 
of 15 miles an lwir t and is carried by a current which flows in a south- 
easterly direction at the rate of 3 miles per hour . At the end of an 
hour find its distance and bearing from the point from iohich it 
started. 

The ship has two velocities, one being 15 miles per hour north- 
wards, and the other 3^2 miles per hour south-east. 

* Now the latter velocity is equivalent to 

3^2 cos 45°, that is, 3 miles per hour eastward, 
and 3y/2 sin 45°, that is, 3 miles per hour southward. 

Hence the total velocity of the ship is 12 miles per hour northwards 
and 3 miles per hour eastward. 

Hence its resultant velocity is Vl2 2 +3 2 , i.e. s/ 153 miles per hour 
in a direction inclined at an angle tan* 1 ^ to the north, i.e., 12*37 
miles per hour at 14° 2' east of north. 

2. A point possesses simultaneously velocities whose measures are 
4, 3, 2 and 1 ; the angle between the first and second is 80°, between 
the second and third 93°, and between the third and fourth 120° ; find 
their resultant . 
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Exs. 


Take OX along the direction of the first velocity and OY perpen- 
dicular to it. 

The angles which the velocities make with OX are respectively 
0°, 30°, 120°, and 240°. 

Hence, if V be the resultant velocity inclined at an angle 0 to OX , 
we have 

Fcos 0 =4 + 3 cos 30° + 2 cos 120° + 1 . cos 240° ; 
and V sin $ = 3 sin 30° + 2 sin 120° + 1 . sin 240°. 

We therefore have 

„ud £-l.s£_!+<3. 

Hence, by squaring and adding, 

^=16 + 9^/3 = 31-5885, so that T=5-62, 
and, by division, 

tan + 0 ^f 0 = 2 ,73 - 3 = -4641 = tan 24° 54'. 

O + Ofjo 

Hence the resultant is a velocity equal to 5*62 inclined at an angle 
24° 54' to the direction of the first velocity. 

Graphically; This result may also be obtained by drawing; mark 
off OA on OX equal to 4 inches and draw AB, making AH equal to 
3 inches and XAB equal to 30°. 



Draw BC perpendicular to AB and equal to 2 inches, and then 
CD at an angle of 120° with BC produced and equal to 1 inch. 
Join OD. 

On measurement, 0D= 5-62 inches, and the z AOD** 25° nearly. 

yi The velocity of a ship is 8-A- miles per hour, and a ball is 
bowled across the ship perpendicular to the direction of the ship 
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with a velocity of 3 yards per second ; describe the path of the ball 
in space and shew that it passes over 45 feet in 3 seconds. 


^4. A boat is rowed with a velocity of 6 miles per hour straight 
across a river which flows at the rate of 2 miles per hour. If its 
breadth be 300 feet, And how far down the river the boat will reach the 
opposite bank below the point at which it was originally directed. 

A man wishes to cross a river to an exactly opposite point on 
the other bank ; if he can pull his boat with twice the velocity of the 
current, And at what inclination to the current he must keep the 
boat pointed. 


^6. A boat is rowed on a river so that its speed in still water 
would be 6 miles per hour. If the river flow at the rate of 4 miles 
per hour, draw a figure to shew the direction in which the head of the 
boat must point so that the motion of the boat may be at right 
angles to the current. 


*7. A. stream runs with a velocity of 1 \ miles per hour ; find in 
what direction a swimmer, whose velocity is 2 \ miles per hour, should 
start in order to cross the stream perpendicularly. 

What direction should be taken in order to cross in the shortest 
timet 


A ship is steaming in a direction due north across a current 
running due west. At the end of one hour it is found that the ship 
has made 8^3 miles in a direction 30° west of north. Find the 
velocity of the current, and the rate at which the ship is steaming. 

^9. Two steamers X and Y are respectively at two points A and B, 
which are 5 miles apart. X steams away with a uniform velocity 
of 10 miles per hour in a direction making an angle of 60° with AB. 
Find in what direction Y must start at the same moment, if it steam 
with a uniform velocity of 10^/3 miles per hour, in order that it may 
just come into collision with X; find also at what angle it wifi 
strike X and the time that elapses before they meet. 

^io. a tram-car is Moving along a road at the rate of 8 miles per 
hour; in what direction, must a body be projected from it with a 
velocity of 16 feet per second, so that its resultant motion may be at 
right angles to the tram oar? 

v ll, A ship is sailing north at the^Sto of 4 feet per second ; thfe 
current is taking it east at the rate of 8 feet per second, and a sailor 
is climbing a vertical pole at the rate of 2 feet per second ; find the 
velocity and direction of the sailor in space. 

Find the oofnponents of a velocity u resolved along two lines 
inclined at angles of 80° and 45? respectively to its direction. 
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13. A point which possesses velocities represented by 7, 8, and 13 
is at rest ; tind the angle between the directions of the two smaller 
velocities. 

y/ 14. A point possesses velocities represented by 3, 19, and 9 
inclined at angles of 120° to one another; find by drawing and by 
calculation their resultant. 


'-^15. A point possesses simultaneously velocities represented by u, 
2m, SJS u, and 4m ; the angles between the first and second, the second 
and third, and the third and fourth, are respectively 60°, 90°, and 150° ; 
shew, by drawing and by calculation, that the resultant isnin a direction 
inclined at an angle of 120° to that of the first velocity. 


^ 16 . A point has equal velocities in two given directions ; if one 
of these velocities be halved, the anglo which the resultant makes 
with the other is halved also. Shew that the angle between the 
velocities is 120°. 

A point possesses velocities represented in magnitude and 
direction by the lines joining any point on a circle to the ends of a 
diameter ; shew that their resultant is represented by the diameter 
through the point. 

8. A point possesses simultaneously four velocities ; the first is 
24 ft. per sec.; the Becond is 36 ft. per sec. at 40° to the first; the 
third is 45 ft. per sec. at 50° to the second ; and the fourth is 60 ft. 
per sec. at 35° with the third ; shew, by a drawing, that the resultant 
velocity is about 118*5 ft. per sec. at about 82° with the direction of 
the first component velocity. 


20. Average Speed and Velocity. The average 
speed of a point in a given period of time is the same as 
the speed of a moving point which moves with uniform 
speed, and describes the same path as the given point in 
the given time. Thus the average speed of a moving point 
in a given period of time is the whole distance described 
by the point in the given time divided by the whole time. 
The average speed of an athlete who runs 100 yards in 
l Of seconds is 100-^ 10 J or 9^ yards per second. 

Again suppose a train describes one mile in the first 
5 minutes after leaving a station, then runs 15 mins, at 
;he rate of 20 miles per hour, and finally takes 6 mins. 
>ver the last mile before coming to rest. 
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The total space described = 1 4 - ^°- + 1 = 7 miles. 

The time taken = 5 + 15 f 6 - 26 minutes. 

Its average speed = ^ miles per minute = x 60 miles 
per hour = 16-15 miles per hour nearly. 

The average velocity of a given point in any direction 
(strictly so called) is the whole displacement in the given 
direction in the given time divided by the given time. 

21. Relative Motion. Rest and motion are rela- 
tive terms ; we do not know what absolute motion is ; all 
motion that we becomo acquainted with is relative. 

For example, when wo say that a train is travelling 
northward at the rate of 40 miles an hour, we mean that 
that is its velocity relative to the earth, i.e . it is the velocity 
that a person standing at rest on the earth would observe 
in the train. Beside this motion along the surface it 
partakes with the rest of the earth in the diurnal motion 
about the axis of the earth; it also moves with the earth 
round the sun ; and in addition has, in common with the 
whole solar system, any velocity that that system may have. 

22 . Consider the case of two trains moving on parallel 
rails in the same direction with equal velocities and let 
A and B be two points, one on each train ; a person at one 
of them, A say, would, if he kept his attention fixed on B 
and if he were unconscious of his own motion, consider B to 



be at rest. The line AB would remain constant in magni- 
tude and direction, and the velocity of B relative to A 
would be zero. 
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Next, let the first train ho moving at the rate of 20 
miles per hour, and let the second train B be moving in the 
same direction at the rate of 25 miles per hour. In this 



case the line joining A to B would (if we neglect the 
distance between the rails) be increasing at the rate of 
5 miles per hour, and this would be the velocity of B 
relative to A. 

Thirdly, let the second train be moving witli a velocity 
of 25 miles per hour in the opposite direction to that of the 
first ; the line joining A to B would now be increasing at the 



rate of 45 miles per hour in a direction opposite to that of 
it’s motion, and the relative velocity of B with respect to A 
would be — 45 miles per hour. 

In each of these cases it will be noticed that the 
relative velocity of the second train with respect to the 



0 


u 


C 



RELATIVE VELOCITY 19 

first is obtained by compounding with its own velocity a 
velocity equal and opposite to that of the first. 

Lastly, let the first train bo moving along the line OC 
with velocity u , whilst the second train is moving with 
velocity v along a line Of) inclined at an angle 0 to OC. 

"Resolve the velocity v into two components, viz., v cos 0 
parallel to OC and v sin 6 in the perpendicular direction. 

As before, the velocity of B relative to A, parallel to 
OC, is v cos 0 — u j also, since the point A has no velocity 
perpendicular to OC, the velocity of li relative to A in that 
direction is v sin 0. 

ITence the velocity of B relative to A consists of two 
components, viz., v cos Q — u parallel to OC, and v sin 0 
perpendicular to OC. These two components are equivalent 
to the original velocity v of the train B combined with a 
velocity equal and opposite to that of A. 

Hence we have the following important result; 

Relative Velocity. When the distance between two 
points is altering , either in direction or in magnitude or in 
both , then either point is said to have a velocity relative to the 
other ; also the relative velocity of one point B ivith respect to 
a second point A is obtained by compounding with the velocity 
of B a velocity which is equal and opposite to that of A. 

23. .It may be advisable for the student to consider 
relative motion in a slightly different manner. Suppose 
the velocities of the two points A and B to be represented 
by the lines AP and BQ, so that in one second the positions 
of the points change from A and B to P and Q. Complete 
the parallelogram "APRS and join RQ. 
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By Art. 16 the velocity BQ is equivalent to two 
velocities represented by BR and RQ ; also BR is equal 
and parallel to AP. 

Hence the velocity of B is equivalent to two vclocitiei, 
one, BR, equal and parallel to that of A , and the other by RQ. 

The velocity of B relative to A is therefore represented 
by RQ. 



But RQ is the resultant of velocities RB and BQ, i.e. of 
the velocity of B and a velocity equal and opposite to that 
of A. Hence the relative velocity of B with respect to A is 
obtained by compounding with the actual velocity of B a 
velocity equal and opposite to that of A. 

24 . From the previous article it follows that, if two 
points A and B be moving in the same direction with 
velocities u and v respectively, the relative velocity of B 
with respect to A in that direction is v — u, and that of A 
with respect to B is u — v. 

If they be moving in different directions the relative 
velocity is found by compounding velocities by means of 
the parallelogram of velocities. 

\Ex^ A train is travelling along a horizontal rail at the rate 
of Untiles per hour } and rain is driven by the wind , which is in the 
same direction as the motion of the train , so that it falls with a 
velocity of 22 feet per second and at an angle of 80° with the vertical. 
Find the apparent direction of the rain to a person travelling with the 
train . 
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The velocity of the train is 44 feet per second. 

Let AB represent the actual velocity of the rain so that, if AR be 
ayertical line, the angle EAB is 30°. 

Draw AC horizontal and opposite to the direction of the train and 
let it represent in magnitude the velocity, 44 feet per second, of the 



Complete the parallelogram ABDC. 

Join AD, and let the angle EAD be 9. 

AD is the apparent direction of the rain. 

From the triangle BA D, we have 

BD _ sin DAB _ sin (9 + 30° ) 
AB ~ sin BDA cos 9 


. 44 
' * *22 


sin 9 cos 30° -J- cos 9 sin 30° 
cos 9 


= tan 9 cos 30° + sin 3(P. 


2=ta,n +i. 


tan 0=^/3 = tan 60°. 

Hence 9 is 60°. It follows, since BAD is a right angle, that the 
apparent direction of the rain is at right angles to its real direction. 


EXAMPLES. II. 


• 1. A railway train, moving at the rate of 30 miles per hour, is 
struck by a stone, moving horizontally and at right angles to the train 
with a velocity of 33 feet per second. Find the magnitude and 
direction of the velocity with which the stone appears to meet the 

One ship is sailing due east at the rate of 12 miles per hour, 
and another ship is sailing due north at the rate of *16 miles per hour ; 
find the relative velocity of the second ship with respect to the first. 
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r y • 3. One ship is sailing south with a velocity of 15^2 miles per 
' hour, and another south-east at the rate of 15 miles per hour. Find 
the apparent velocity and direction of motion of the second vessel to 
an pbserver on the first vessel. 

4 , 4. A ship is sailing north-east with a velocity of 10 miles per 
/ hour, and to a passenger on board the wind appears to blow from the 
north with a velocity of 10^/2 miles per hour. Find the true velocity 
and direction of the wind. 


« 5 . A ship steams due west at the rate of 15 miles per hour 
relative to the current which is flowing at the rate of G miles per hour 
due south. What is the \clocity relative to the ship of a train going 
due north at the rate of 30 miles per hour? 

6. In a tunnel, drops of water which are falling from the roof 
/nrc noticed to pass the carriage window of a train in a direction 
making an angle tan -1 i with the horizon, and they are known to 
have a velocity of 24 feet per second. Neglecting the resistance of 
the air, ^find the velocity of the train. 

'• 7, To a man walking at the rate of 2 miles an hour the rain 
/apjfcars to fall vertically ; when he increases his speed to 4 miles per 
hour it appears to meet him at an angle of 45° ; find the real direction 
and speed of the rain. 


^,8. A steamer is going due west at 14 miles per hour, and tho 
Xtvind appears from the drift of the clouds to be blowing at 7 miles 
per hour from the north-west. Find its actual velocity and make a 
geometrical construction for its direction. 


x/» 9. A railway train is moving at the rate of 28 miles per hour, 
•when a pistol shot strikes it in n direction making an angle sin" 1 -^ 
with the train. The shot enters one compartment at the corner 
furthest from the engine and passes oi\t at the diagonally opposite 
corner ; the compartment being 8 feet 6 feet shew that 

the shot is moving at the rate of 80 miles per hour, and traverses the 


carnage in ^" 4 -ths of a second. 

Nfio) Two trains, each 200 feet long, are moving towards each 
other on parallel lines with velocities of 20 and 30 miles per hour 
respectively. Find the time that elapses from the instant when they 
iirsrfc meet until they have cleared each other. 

.% 11 . The wind blowing exactly along a line of railway, two trains, 
moving with the same speed in opposite directions, have the steam 
track of the one double that of the other ; shew that the speed of each 
train is three times that of the wind. 


9 12 . One ship, sailing east with a speed of 15 miles per hour , parses 
a certain point at noon; and a second ship , sailing north at the 
same speed t passes the same point at 1.30 p.m.; at what time are 
they closest together , and what is the distance thent 
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Let 0 be the fixed point, A the position of the second ship at 12.0 
noon, so that OA = 22^ miles. , 



The relative velocity of the first ship with respect to the second is 
obtained by compounding with its velocity of 15 a velocity equal and 
opposite to that of tho scconC ship, i.e. a velocity of 15 southwards. 
Hence this relative velocity is 15^2 in the direction OK, i.e . south- 
east. 


Draw AT. perpendicular to OK. Then A L is clearly the shortest 
distance required. It 

= OA sin A OL = 22 J x ~~ = y/2 = 15-9 miles nearly. 

Also the time after 12.0 noon 

=-the time in which OL is described with the relative velocity lo*/2 


OL 

: 15 V 2 


22 .V x 


/ 2 


15 J2 


f hour. 


Otherwise thus; Let P and Q be the actual positions of the ships 
at the end of time t, and let PQ =x. 

Then OP=OA- 15 1 = 15 [3 - 1], 

and OQr=ir,t. 

Hence 15 2 [(§ - t) 2 + f 2 ] = 15 2 x 2 [t 2 - h + 

= 2 x 15* x [(t - J) 2 + xV]. 


Now a square can never be negative, so that its least value is zero. 
Hence the least value of x is when t=f , and then 
.r=V 2 x 15 x V iV = -j- \/2 = 15*9 nearly. 


• 13. A ship steaming north at the rate of 12 miles per hour 
observes a ship, due east of itself and distant 10 miles, which is 
steaming due west at the rate of 16 miles per hour ; after what time 
are they at the least distance from one another and what is this least 
distance ? 
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' V «14. Two points are started simultaneously from points A and B 
which are 5 feet apart, one from A towards B with a velocity which 
would cause it to reach B in 3 seconds, and the other at right angles 
to the direction of the former with -J of its velocity. Find their 
relative velocity in magnitude and direction, the shortest distance 
between them, and the time when they are nearest. 

A ship is sailing due east, and it is known that the wind is 
blowing from the north-west, and the apparent direction of the wind 
(as shewn by a vane on the mast of the ship) is from N.N.E. ; shew 
tliat-the speed of the ship is equal to that of the wind. 

^^6) A person travelling eastward at the rate of 4 miles per hour, 
finite chat the wind seems to blow directly from the north ; on doubling 
his speed it appears to come from the north-east ; find the direction 
the wind and its velocity. 

' A person travelling toward the north-east, finds that the wind 

appears to blow from the north, but when he doubles his speed it 
seems to come from a direction inclined at an angle cot- 1 2 on the 
east of north. Find the true direction of the wind. 


18. Two points move with velocities v and 2v respectively in 
opposite directions in the circumference of a circle. In what positions 
is their relative velocity greatest and least and what values has it 
then? 


25. Angular Velocity. Def. If a point P be in 
motion in a plane , and if 0 be a fixed point in the plane and 
OA a fixed straight line drawn through 0 , then the rate at 
which the angle AOP increases is called the angular velocity 
of the moving point P about 0 . 

When uniform, the angular velocity is measured by the 
number of radians in the angle which is turned through by 
OP in a unit of time. 

When variable, it is measured at any instant by what 
would be the angle turned through by the line OP in a 
unit of time, if during that unit it continued to turn at the 
same rate as at the instant under consideration. 

Sxa. If the line OP turn through 4 right angles (i.e. 2 r radians) 
in one second, the angular velocity is 2r. 
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If it turn through three-quarters of a right angle in one second, 

the angular velocity is \ J or ^ . 

4 2 o 

If OP make 7 revolutions in one second, the angular velocity is 
7 x 2ir or 14ir. 

26 . The angular velocity can always be expressed in 
terms of the linear velocity when the path is known. 

The only case that we shall consider is when the 
angular velocity is uniform, and the moving point P is 
describing a circle about the fixed point 0 as centre. 



If a moving point describe a circle , its angular celocity 
about the centre of the circle is equal to its speed divided by 
the radius of the circle . 

Let P be the position of the moving point at any time, 
and in the unit of time let the point describe the arc PQ . 
In this time the line OP turns through the angle POQ. 
Hence the angular velocity is equal to the number of 
radians in the angle POQ. 

But the number of radians in POQ = • 

Also, since the .arc PQ is described in one second, it is 
equal to the speed v. 
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Hence, if o be the angular velocity and r the radius of 
the circle, we have 



i.e. v • ■ ro). 


Exa - (i; If the moving point describe a circle of 3 feet radius with 
unit angular velocity, the speed is given by r = 3 . 1--3 feet per second. 

(2) If the moving point describe a circle of 5 feet radius with speed 
8 feet per second, its anguhir velocity w is given by w radian per 
second. 

(3) The earth makes a complete revolution about its own axis in 
24 hours. The angular velocity of any point on its surface therefore 

= v ™ - 7 .A radians per second. 

24 x 60 x 60 

Since the earth’s radius is 4000 miles, the velocity of any point on the 
equator 

2-jt 

— - - - - x 4000 miles per second 

24 x 60 x 60 

.-=1047 miles per hour approximately. 


EXAMPLES. III. 

/ 1. A wheel turns about its centre, making 200 revolutions per 
minute ; wliat is the angular velocity of any point on the wheel about 
the. centre ? 


j. 


2. A wheel turns about its centre, making 4 revolutions per 
second ; wha*. is the angular velocity of any point on the wheel about 
the centre and what is its linear velocity, if the radius of the wheel 
be 2 leet ? 


be 2Ieet ? 

V3. If 


<3. If the minute hand of a clock he 6 feet long, find the velocity 
of the end in feet per second. 

Wlnit is its angular velocity ? 


4 . Compare the velocities of the extremities of the hour, minute, 
and second hands of a watch, their lengths being *48, -8, and *24 
inches respectively. 


5. A treadmill, with axis horizontal and of diameter 40 feet, 
makes one revolution in 40 seconds. At what rate per hour does a 
man upon it walk over its surface, supposing he always keeps at the 
same height abovo the ground ? 
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6. From a train moving with velocity V a carriage on a road 
parallel to the line, at a distance d from it, is observed to move so as 
to appear always in a lino with a more distant .fixed object whose 
least distance from the railway is D. Find the velocity of the 
carriage. 

7. A point moves in a circle with uniform speed ; shew that its 
angular velocity about any point on the circumference of the circle is 
constant. 

8. A string has one end attached to the corner of a square 
board, fixed on a smooth horizontal table, and is wound round the 
square carrying a particle at its other end ; the particle is projected 
with velocity u at right angles to the side of the square whose side 
is a ; if the length of the string be 4<i, find the time that the string 
hikes to umvrnp itself from the square, assuming that the speed of the 
particle remains the same throughout the motion. 

9. A V'hccl rolls uniformly on the ground, without sliding , its 
centre describing a straight line ; to find the velocities oj dij'erent 
2 >uints of its rim. 

Let 0 be tin* centre and r the radius of the wheel, and let v be the 
velocity with which the centre advances. Let A be the point of the 
wheel in contact with the ground at any instant. 

Now the wheel turns uniformly round its centre whilst the centre 
moves forward in a straight line; also, since each point of the wheel 
in succession touches the ground, it follows that any point of the 
wheel describes the perimeter of the wheel relative to the centre, 
whilst the centre moves through a distance equal to the perimeter; 
hence the velocity of any point of the wheel relative to the centre is 
equal in magnitude to the velocity v of the centre. 


B 



Hence any point P of the wheel possesses two velocities each 
equal to v, one along the tangent, PT, at P to the circle, and the 
other in the direction, PM, in which the centre O is moving. 
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Hence the velocity of A=v -v=0, and so A is at rest for the 
instant. 


So the velocity oi B=v + v=2v. 

Consider the motion of any other point P. It has two velocities, 
each equal to v, along PM and PT respectively. 


Now, since PM and PT are respectively perpendicular to OB and 
OP, the LMPT=LPOB = 0 (say). 

0 

The resultant of these two velocities v is a velocity 2vcos ^ along 


FT., where L I.FT= -J z MPT= ? = z OF A . 

lienee / APL= l OPT -el right angle. 

Hence the direction of motion of tho point P is perpendicular to 
AP , and its angular velocity about A 

6 0 

2v cos s 2v cos - 

2 2 v 


o 0 r 
2 r cos - 


= the angular velocity of the wheel about 0. 
Hence each point of the wheel is turning about the point of con- 
tact of the wheel with the ground, with a constant angular velocity 
whose measure is the velocity of the centre of the wheel divided by 
the radius of the wheel. 

y 

" 10. An engine is travelling at the rate of 60 miles per hour and its 
wheel is 4 feet in diameter ; find the velocity and direction of motion 
of each of the two points of the wheel which arc at a height of 3 feet 
ahpve the ground. 


11. If a railway carriage be moving at the rate of 30 miles per 
hour and the diameter of its wheel be 3 feet, what is the angular 
velocity of the wheel when there is no sliding? Find also the relative 
v^focity of the highest point of the wheel with respect to the centre. 

12. If a railway carriage bo moving at the rate of 30 miles per 
hour and the radius of tho wheel be 2 feet, what is the angular velocity 
of/ the wheel when there is no sliding? Also what is the relative 
velocity of the highest point of the wheel with respect to the centre ? 

13. The wheel of a carriage is of radius 2 feet and the carriage 
is moving at the rate of 10 miles per hour ; if there be no slipping, 
find the velocity of the highest point, and also the velocities of points 
which are at heights of 1 and 3 feet respectively above the ground. 



CHAPTER II. 

ACCELERATION. 


27. Change of Velocity. Suppose a point at any 
instant to be moving with a 

velocity represented by OA, c _ Q 

and that at some subsequent / ^ ^7 

time its velocity is represented / j 

by OR ‘ / / 

Join AB, and complete the / / / 

parallelogram OABC . 6 > a 

Then the velocities repre- 
sented by OA and OC are equivalent to the velocity OB. 
Hence the velocity OC is the velocity which must be com- 
pounded with OA to produce the velocity OB. The velocity 
OC is therefore the change of velocity in the given time. . 

Thus the change of velocity is not, in general, the 
difference in magnitude between the magnitudes of the 
two velocities, but is that velocity which compounded with 
the original velocity gives the final velocity. 

The change of velocity is not constant unless the change 
is constant both in magnitude and direction. 


EXAMPLES. IV. 

* 1. A point in moving with a velocity of 10 feet per second , and 
at a subsequent instant it is moving at the same rate in a direction 
inclined at 30° to the former directions find the change of velocity . 
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On drawing the figure, as in the last article, we have OA = OB — 10, 
and the angle AOB= 30°. 

Since OA = 0B 1 we have z OA B= 75°, and therefore z A OC =105°. 

Also AB—20A sin 15°=20 .^^=5 (^6-^2)= 5-176. 

Hence the change in the velocity, i.e ., OC, is 5-176 feet per second 
in a direction inclined at 105° to the original direction of motion. 

. 2. A ship is observed to be moving eastward with a velocity of 
3 miles per hour, and at a subsequent instant it is found to be moving 
northward at the rate of 4 miles per hour; find the change of 
velocity. 

. 3. A point is moving with a velocity of 5 feet per second, and at 
a subsequent instant it is moving at the same rate in a direction 
inclined at 60° to its former direction; find the change of velocity. 

• 4. A point is moving eastward with a velocity of 20 feet per 
second, and one hour afterwards it is moving north-east with the same 
speed ; find the change of velocity. 

5. A point is describing with uniform speed a circle, of radius 
7 yards, in 11 seconds, starting from the end of a fixed diameter; find 
the change in its velocity after it has described onc-sixth of the cir- 
cumference. 

28. Acceleration. Def. The acceleration of a 
mooing point is the rate of change of its velocity. 

Note that the acceleration of a moving point has both 
magnitude and direction. 

The acceleration is uniform when equal changes of 
velocity take place in equal intervals of time, however 
small these intervals may be. 

When uniform, the acceleration is measured by tho 
change in the velocity in a unit of time; when variable, 
it is measured at any instant by what would be the change 
of the velocity in a unit of time, if during that time tho 
acceleration continued the same as at the instant under 
consideration. 

29. The magnitude of the unit of acceleration is the 
acceleration of a point which moves so that its velocity is 
changed by the unit of velocity in each unit of time. 
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Hence a point is moving with n units of acceleration 
when its velocity is changed by n units of velocity in each 
unit of time. 

Thus a point is moving with 10 centimetre-second units of accelera- 
tion when its change of velocity is 10 cms. per second in each second. 
This acceleration is sometimes called an acceleration of 10 cms./scc-. 

30. Theorem. Parallelogram of Accelera- 
tions. If a moving point have simultaneously two accelera- 
tions represented in magnitude and direction by two sides of 
a parallelogram drawn from a point , they are equivalent to 
an acceleration rej/resented by the diagonal of the parallelo- 
gram passmg through that angular point. 

Let the accelerations be represented by the sides AB and 
AC of the parallelogram ABDC , i.e. let AB and AC repre- 
sent the velocities added to the velocity of the point in a 
unit of time. On the same scale let EF represent the 
velocity which the particle has at any instant. 



Draw the parallelogram EKFL having its sides parallel 
to AB and AC; produce EF to M y and EL to N y so that 
EM and LN are equal to A B and AC respectively. 

Complete the parallelograms as in the above figure. 

Then the velocity EF is equivalent to velocities EK and 
EL. But in the unifc of time the velocities KM and LN are 
the changes of velocity. 
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Therefore at the end of a unit of time the component 
velocities are equivalent to EM and EN, which are equi- 
valent to EO , and this latter velocity is equivalent to velo- 
cities EF and FO. (Art. 16.) 

Hence in the unit of time FO is the change of velocity 
of the moving point, i.e. FO is the resultant acceleration of 
the point. 

But FO is equal and parallel to AD. 

Hence AD represents the acceleration which is equi- 
valent to the accelerations AB and AC, i.e. AD is the 
resultant of the accelerations AB and AC. 

31 . It follows from the preceding article that accelera- 
tions are resolved and compounded in the same way as 
velocities, and propositions similar to those of Arts. 13 — 19 
will be true when wo substitute “acceleration” for “velocity.” 

Velocities and accelerations, and also forces (Art. 72) 
are examples of an important class of physical quantities 
which are called Vector quantities. The characteristic of 
a Vector quantity is that it has direction as well as magni- 
tude, and is thus fitly represented by a straight lino ; in all 
cases vector quantities are compounded by the parallelo- 
grammic law. 

In the language 'of Vectors Arts. 12 and 30 are 
examples of the Addition of Vectors, and it would bo said 
that the addition of the vectors AB and BD (or AC) gives 
the vector AD. 

In contradistinction to Vectors, quantities which only 
possess magnitude, and not direction, are called Scalars. t 
Kinetic Energy, which will be defined later on, is an 
example of a physical quantity which is a Scalar; other 
examples are a ton of coal, a sum of money, etc. Scalar 
quantities are compounded by Simple Additioa 
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Theorem. A point moves in a straight line] 
starting with velocity u, and moving with constant accelera- 
tion f in its direction of motion ; if v be its velocity at the 
end of time t> and s be its distance at that instant from its 
starting point, then 

(1) v-v,+ft> 

(2) 8 = Ut + \ft*) 

(3) v*~u a + 2fs. A/* 

(1) Since f denotes the acceleration, i.e. y the change in 
the velocity per unit of time, ft denotes the change in the 
velocity in t units of time.' 

But, since the particle possessed u units of velocity 
initially, at the and of time t it must possess u + ft units 
of velocity, i.e. 

v-u+ft. 

(2) Let V be the velocity at the middle of the interval 
so that, by (1), V-u+f 

Now the velocity changes uniformly throughout the 
interval t . Hence the velocity at any instant, preceding 
the middle of the interval by any time T, is as much less 
than Vj as the velocity at the same time T after the middle 
of the interval is greater than V. 

Hence, since the time t could be divided into pairs of 
such equal moments, the space described is the same as if 
the point moved for time t with velocity V. 

/. s= V.t- (u t = ut + 

(3) The third relation can be easily deduced from the 
first two by eliminating t between them. 


L. D. 


2 
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For, from (1), v 2 = (u + ft) 2 

= u 2 + 2 uft + fH 2 
= u 2 + 2f(ut+\ft 2 ). 

Hence, by (2), v 2 — u 2 + 2 fit. 

33. Alternative proof of equation (2). 

Let the time t be divided into n equal intervals, each equal to r, 
so that t—rir. 

The velocities of the point at the beginnings of these successive 
intervals are 

u, u+fr , tt + 2/r, « + (« - 1) /r. 

Hence the space which would be moved through by the point, if it 
moved during each of these intervals r with the velocity which it has 
at the beginning of each, is 

8 l =u.T + [u+fr].T+ + [u+/(n- 1) r].r 

= n. ut +/T 2 . {1+2+3 + (w-l)} 

, „ n(n-l) 

=n.«r+/r a .~-~ — , on summing the a.i\, 

= ut + hft 2 .( 1 - » V since r = -. 

- \ nj n 

Also tho velocities at the ends of these successive intervals are 
u +/r, u + 2/r, u + n/r. 

Hence the space s 2 which would be moved through by the point, if 
it moved during each of these intervals r with the velocity which it 
has at the end of each, is 

*a= (w+/r) . r + (u + 2/r) . r + + (u+nfr).r 

=nur+fr 2 (1 + 2 + 3 +n) 

=ut+\ft- , as before. 

Now the true space 8 is intermediate between and * 2 ; also the 
larger we make n and therefore the smaller the intervals r become, 
the more nearly do the two hypotheses approach to coincidence. 

If we make n infinitely large the values of and a 2 both become 
ut+yt 2 . 

Hence &=ut + \fl <1 . 

34. When the moving point starts from rest we have * 
u = 0, and the formulae of Art. 32 take the simpler forms 

V =A 

•=h/e, 

and &=2f& 
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35. Graphic Method. Velocity-Time Curve. 

To determine , by means of a graph , the distance described 
in a given time when the velocity of the moving point is 
varying . 

Take two straight lines OX and OX at right angles, 
and let times bo represented by lengths drawn along OX, 
so that a unit of length in this direction represents a unit 
of timo 



At each point M erect a perpendicular MP to represent 
the velocity of the moving point at the time represented 
by OM. The tops of all these ordinates will be found to 
lie on a line such as BPQC , which is curved or straight. 

Wo shall shew that the distance described in time OA 
by the moving point is represented by the area bounded 
by OB, OA, AC and the curved line BC. 

Take an ordinate NQ close to 3/P. Then during the 
time MN the point moves with a velocity which is greater 
than MP and less than NQ. Hence, since the distance 
described with constant velocity = velocity x time, the 
distance described by it in time MN is > MP . MN and is 
< NQ . MN, i.c. the number of units of space described 

2—2 
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in time MN is intermediate between the number of units 
of area in the rectangles PN and QM. Similarly, if we 
divide OA into any number of equal small parts and erect 
parallelograms on each. 

Hence the number of units in the distance described in 
time OA is intermediate between the space represented by 
the sum of the inner rectangles and the sum of the outer 
rectangles. 

Now let the number of portions of time into which the 
time OA is divided be made indefinitely large ; then these 
two. series of rectangles get nearer and nearer to one 
another and to the area of the curve. Hence the number 
of units of space described in time OA is ultimately equal 
to the number of units of area in the area OACB . 

36. Case of uniform acceleration. Let u be 

the initial velocity and f the constant acceleration. 

On 07 mark off OB to represent the velocity u at time 
0. Since the velocity at any time t' = u + ft\ 
the ordinate MP at M - OB + /. OM. (1). 



Draw BTU parallel to OX to meet MP in T and AC 
in U. 
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Then TP = MP - OB =/. OJ)/; by (1), 
so that f=±L==^i*nPBT. 

HcMice TBP is a constant angle, and therefore P lies 
on a straight lino passing through B. 

In this case, therefore, the velocity-time curvo is the 
straight line BO, and VC = BU . tan CBU —f. t. 

Hence tlio number of units of space described in time t 

- the number of units of area in OACB 

-■ area OBUA + area BUC 

= OA.OB + \BU. UC 

- OA [OB + \UC] - t [n + \ft\ 

- ut + \fi\ 

37 . In the figure of Art. 35 since RQ is the increase 
of velocity in timo MN the acceleration of the moving 
point at this instant = the value, when MN is made inde- 
finitely small, of [Art. 28] 

= the value of tan QPR . 

But when MN is made indefinitely small the point Q 
moves up to P, PQ becomes the tangent at P, and tan QPR 
becomes the tangent of the angle that the tangent at P 
makes with OX. 

Hence in the Velocity-Time graph the numerical value 
of the acceleration is the slope of the curve to the Time-Line. 

38 . Space described in any particular second . 

[The student will nqtice carefully that the formula (2) of Art. 82 
gives, not the space traversed in the $ th second, but that traversed in 
t seconds -J , 
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The space described in the 0 th second 
= space described in t seconds — space described in (t — 1) 
seconds 


- [ut {- J/< 2 ] - [u (t - 1 ) + \/(t - l) 2 ] 
=«+£/[<*-(<- 1 )*] 


Hence the spaces described in the first, second, third, 
. .rath seconds of the motion are 

u + \f, u + £/, ... u+ 


These distances form an arithmetical progression whose 
common difference is /. 

Hence, if a body move with a uniform acceleration, the 
distances described in successive seconds form an arith- 
metical progression, whose common difference is equal to 
the number of units in the acceleration. 


Tho space described in any particular second may bo other- 
wise found as follows. As in Art. 32, the space described in the t tli 
second is tho same as that which would be described if the point 
moved during that second with the velocity which it has at the 
middle of that second. 

Now the velocity at the middle of the t th second 
= velocity at the end of time (t - A) 

=«+/(< -£)• 

Hence the space described in the t th second 


99. Bx. 1. A train , which is moving at the rate of 60 miles per 
hour t is brought to rest in 3 minutes with a uniform retardation; find 
this retardation , and also the distance that the train travels before 
coming to rest . 

an *1 1 . 60x1760 x 3 QO . , , 

60 miles per hours— P er second. 

Let / be the acceleration with which the train moves. 
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Since in 180 seconds a velocity of 88 feet per second is destroyed, 
we have (by formula (1), Art. 82) 

0 = 88+/ (180). 

/= - ft. -sec. units. 

[N.B. / has a negative value because it is a retardation.] 

Let x be the distance described. By formula (3), wo have 

0=88*+2(-||)..t. 

*= 88 s xfj = 7920 feet. 

Ex. 2. A point is moving with uniform acceleration; in the 
eleventh and fifteenth seconds from the commencement it moves through 
720 and 960 cms. respectively; find its initial velocity , and the 
acceleration with which it moves . 

Let u be the initial velocity, and / the acceleration. 

Then 720 -distance described in the eleventh second 



= [» . ii + y. n»] - [u . io+^/. io’]. 



720 =«+V-/ 

(!)• 

So 

960 =[« . 15 + hf. 15 s ] - [u . 14 + y. 14*]. 



/. 960 =«+%*-/ 

(-)• 


Solving (1) and (2), we have w=90, and/=60. 

Hence the point started with a velocity of 90 cms. per second, and 
moved with an acceleration of 60 cm. -sec. units. 


EXAMPLES. V. 


r 1. The quantities u , /, v, «, and t having the meanings assigned 
to them in Art. 82, 

(1) Given u= 2, /= 3, £= 5, find v and*; 

(2) Given w= 7, f— - 1, t= 7, find v and s; 

(3) Given u = 8, v= 3, s= 9, find / and t; 

(4) Given v= -6, 8= -9, /= -f, find u and t. 

The units of length and time are a foot and a second. 


body, starting from rest, moves with an acceleration equal 
t(S?t.-sec. units r find the velocity at the end of 20 seconds, and the 
distance described in that time. 


In what time would a body acquire a velocity of 80 miles per 

hour, if it started with & velocity of 4 feet per second and moved with 
the]ft.-see. unit of acceleration? 
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Exs. 




4. With what uniform acceleration does a body, starting from 
ftbt, describe 1000 feet in 10 seconds? 

A body, starting from rest, moves with an acceleration of 3 
^metre-second units; in what time will it acquire a velocity of 
30 centimetres per second, and what distance does it traverse in that 
time? 

A point starts with a velocity of 100 cms. per second and 
with -2 centimetre-second units of acceleration. When will 
its velocity be zero, and how far will it have gone? 

^ 7. A body, starting from rest and moving with uniform accelera- 
Ion, describes 171 feet in the tenth second; find its acceleration. 

►jjJ. A particle is moving with uniform acceleration; in the eighth 
andJthirteenth second after starting it moves through 8^ and fees 
reflectively ; find its initial velocity and its acceleration. 

M/ In two successive seconds a particle moves through 20^ and 
28^ieet respectively; assuming that it was moving with uniform 
acceleration, find its velocity at the commencement of the first of 
these two seconds and its acceleration. Find a lso how „far\ifcji&d 
moyed from rest, before the commencement of 'tEe first second, 

U I©) A point, moving with uniform acceleration, describes in the 
JaslTsecond of its motion ^yths of the whole distance. If it started 
from rest, how long was it m motion and through what distance did 

/ 'fnove, if it described 6 inches in the first second ? 

A point, moving with uniform acceleration, describes 55 feet 
in tfetClialf second which elapses after the first second of its 1 motion, <s 
and 198 feet in the eleventh second of its motion ; find the acceleration 
of the point and its initial velocity. 


(12. A body moves for 8 seconds with a oonstant acceleration 
during which time it describes 81 feet; the acceleration then ceases 
and during the next 8 seconds it describes 72 feet; find its initial 
velocity and its acceleration. 

(J5) The speed of a tram is reduced from 40 miles an hour to 10 
milesper hour whilst it travels a distance of 150 yards; if the re- 
tardation be uniform, find how much further It will travel before 
afeto rest 



A point starts from rest and moves with a uniform aocelera- 
fof 18 ft-seo. units; find the time taken by it to traverse the first, 
second, and third feet respectively. 

A particle starts from a point O with a uniform velocity of 
4 feetper second,, and after 2 seconds another particle Jeaves O in the 
same direction with a velocity of 5 feet per second and with an 
acceleration equal to 8 ft. -sec. unite. Find when and where it will 
Overtake the first particle. 
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/<Ae. A point moves over 7 feet in the first secmM during which it 
is observed, and over 11 and 17 feet in the thir4 and sixth seconds 
respectively; is this consistent with the supposition that it is subject 
t p a uniform acceleration ? 

17. A point is moving in a north-east direction with a velocity 6, 
■ and has accelerations 8 towards the north and 6 towards the east, 
find its position after the lapse of one second. . [The units are a foot 
and second.] 


*18. A. particle starts with a velocity of 200 cms. per second and 
moves in a straight line with a retardation of 10cm& per see. per sec. ; 
find how long elapses before it has described 1500 oms. and explain 
thp. double answer* 

QL9J Two points move in the same straight line starting at the 
samTTmoment from the same point in it ; the first moves with constant 
velocity u and the second with constant acceleration /; during the 
time that elapses before the second catches the first shew* that the 

| jQ M 

greatest distance between the particles is ^ at the end of time 7 from 

AJ f 

thesti 



20. In a run of 12 minutes from rest to rest a train has the 
[lowing speeds, in miles per hour, at the end of each minute; 
25, 40, 50, 60, 45, 40, 40, 45, 45, 35, 20, 0. Draw a curve repre- 
senting the relation between the speed at any instant and the time 
from the start', and estimate tbe average velocity during the run. 


21. A. point starts from rest, and its velocities at the end of each 
second up to the seventh are as follows; 5, 18, 88, 62, 78, 81 and 83 
feet per second. Sketch the velocity curve on a time base, and esti- 
mate the distance through which the ppint moves in the seven seconds. 
Estimate also the instant at which the acceleration is greatest and the 
value of the acceleration at that instant. 


22. The velocities of a body are found to be 4, 8*8, 19, 22, 15*7, 
and 10 feet per second at intervals of 5 seconds from rest. Plot the 
curve of velocities to a time base, and estimate the distance passed 
over in the 80 seconds. Find also the acceleration at 16 seconds from 
tbe start. 



CHAPTER III. 

MOTION UNDER GRAVITY. 

40. Acceleration of foiling bodies. When a 
heavy body of any kind falls toward the 
earth, it is a matter of everyday experience 
that it goes quicker and quicker as it falls, 
or, in other words, that it moves with an 
acceleration. That it moves with a con- 
stant acceleration may be roughly shewn by 
the following experiment first performed by 
Morin. 

A circular cylinder covered with paper is 
connected with clock-work and made to rotate 
about its axis which is vertical. In front of 
the cylinder is an iron weight, carrying a 
pencil P, which is compelled by guides to fall 
in a vertical line and is so arranged that the 
tip of the pencil just touches the paper on the 
surface of the cylinder. 

When the cylinder is revolving uniformly, the weight 
is allowed to drop and the pencil traces out a curve on 
the paper. When the weight has reached the ground the 
paper is unwrapped and stretched out on a fiat surface. 
The curve marked out by the pencil is found to be such 
that the vertical distances described by the pencil from the 
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beginning of the motion are always proportional to the 
squares of the horizontal distances 
described by it, so that, if Q, R be 
any two points on the curve, then 
AM QM* 

AN ~~ RN 2 ' 

Now since the cylinder revolved 
uniformly, these horizontal distances 
are proportional to times that have 
elapsed from the commencement of tho motion. Hence 
the vertical distance described is proportional to the square 
of the time from the commencement of the motion. 

But, from Art. 34, we know that, if a point move from 
rest with a constant acceleration, the space described is 
proportional to the square of tho time. 

Hence we infer that a falling body moves with a con- 
stant acceleration. 

41. Galileo's Experiment. That the acceleration 
of a falling body is constant was first shewn by Galileo 
by some experiments conducted at Pisa about the year 
1X590. To avoid the difficulty of measuring the velocity 
of a freely falling body, which soon becomes very large, ho 
considered the motion down an inclined plane instead, and 
assumed that the law of motion for a small sphere rolling 
down a groove in an inclined plane would be similar to 
that of a freely falling body. 

16 




Commencing from the top of his groove, ho measured 
off distances down it proportional to 1, 4, 9, 16, ..., *.«. pro- 
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portional to l 2 , 2 2 , 3 a , 4 2 ,.... He then let his small sphere 
start from the top, and verified that the times of its 
describing these distances were proportional to 1, 2, 3, 4,.... 
Hence the distances described from rest were proportional 
to the squares of the times. But, as in Art. 34, the 
distances are proportional to tho squares of the times 
when the acceleration f is constant 

Hence it follows that the acceleration down the inclined 
plane is constant, and from that Galileo assumed that the 
acceleration of a freely falling body is constant also. 

The great difficulty Galileo had was in measuring time 
accurately, as the clocks of his time were very inaccurate. 
He used a vessel of water of large transverse section which 
had in its bottom a small hole which he could close with 
his finger. When the ball started he removed his finger, 
and the water ran out into a vessel placed to receive it. 
When the ball had reached one of his marks he closed the 
hole; tho water that had meantime run out was then 
weighed, and formed a fairly accurate measure of the 
time that had elapsed. 

42 . From the results of the foregoing, and other more 
accurate, experiments we learn that, if a body be let fall 
towards the earth in vacuo , it will move with an acceleration 
which is always the same at the same place on the earth, 
but which varies slightly for different places. 

The value of this acceleration, which is called the 
“ acceleration due to gravity,” is always denoted by the 
letter “ g ” 

When foot-second units are used, the value of g varies 
from about 32'091 at the equator to about 32*252 at the 
poles. In the latitude of London its value is about 32-19. 
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When centimetre-second units are used, the extreme 
limits are about 978 and 983 respectively, and in the 
latitude of London the value is about 981*17. 

The best method of determining the value of “ g 99 is by 
means of pendulum experiments; we shall return to the 
subject again in Chapter XL* 

[In all numerical examples, unless it is otherwise stated , 
the motion may he supposed to he in vacuo, and the value 
of g taken to he 32 when foot-second units , and 981 when 
centimetre-second units , are used .] 

43. Vertical motion under gravity. Suppose a 
body is projected vertically from a point on the earth’s sur- 
face so that it starts with velocity u. The acceleration of 
the body is opposite to the initial direction of motion, and is 
therefore denoted by -g. Hence the velocity of the body 
continually gets less and less until it vanishes ; the body is 
then for an instant at rest, but immediately begins to acquire 
a velocity in a downward direction, and retraces its steps. 

Time to a given height. The height h at which a body 
has arrived in time t is given by substituting —g for f in 
equation (2) of Art. 32, and is therefore given by 

h = ut — \gt\ 

This is a quadratic equation with both roots positive ; the 
lesser root gives the time at which the body is at the given 
height on the way up, and the greater the time at which it 
is at the same height on the way down. 

Thus the time that elapses before a body, which starts with a 
velocity of 64 feet per second, is at a height of 28 feet is given by 

' 28= 64C - 16t*, whence t =£ or 

Hence the particle is at the given height in half a second from the 
commencement of its motion, and again in 3 seconds afterwards. 
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44. Velocity at a given height. 

The velocity v at a given height k is, by equation (3) of 
Art. 32, given by 

tf = y?-2gh. 

Hence the velocity at a given height is independent of the 
time from the start, and is therefore the same at the same 
point whether the body be going upwards or downwards. 

45. Greatest height attained . 

At the highest point the velocity is just zero ; hence, if 
x be the greatest height attained, we have . 

0 = u 2 - 2gx. 

\ v? ' 

' Hence the greatest height attained = — . 

Also the time T to the greatest height is given by 
0 = u-gT. 



46. Velocity due to a given vertical fall from rest 
If a body be dropped from rest, its velocity after falling 
through a height h is obtained by substituting 0, g , and li for 
u,f and 8 in equation (3) of Art. 32 ; 

v = >j2yh. 


EXAMPLES. VL 

A body is projected from the earth vertically with a velocity of 
b per second ; find (1) how high it will go before coming to rest, V 
(2) what times will elapse before it is at a height of 9 feet. 

syjL A particle is projected vertically upwards with a velocity of j 
40 met per second. Find (i) when its velocity will be 25 feet per C/ 
second, and (ii) when it will be 25 feet above the point of pro- 
jection. 
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/'+&. A stone is thrown vertically upwards with a velocity of 60 feet 
$er second. After what times will its velocity be *20 feet per second, 
and at what height will it then be ? 

\ » Find (1) the distance fallen from rest by a body in 10 seconds, 
(2) the time of falling 10 feet, (3) the initial vertical velocity when the 
body describes 1000 feet downwards in 10 seconds. 

w ,*5. A stone is thrown vertically into a mine-shaft with a velocity 
m 96 feet per second, and reaches the bottom in 3 seconds ; find the 
depth of the shaft. 


> 'VW A body is projected from the bottom of a mine, whose depth 
fc mg feet, with a velocity of 24# feet per second ; find the time in 
which tile body, after rising to its greatest height, will return to the 
surface of the earth again. 

* The greatest height attained by a particle projected vertically, 
upwards is 225 feet ; find how soon after projection the particle will 
be at a height of 176 feet. 


_ J A body moving in a vertical direction passes a point at a 
hdlgm of 54*5 centimetres with a velocity of 436 centimetres per 
second ; with what initial velocity was it thrown up, and for how 
much longer will it rise? 

A particle passes a given point moving downwards with a. 

ho^ 


ity of fifty metres per second 
at the same r%te ? 



bow long before this was it moving 


A body is projected vertically upwards with a velocity o(/ 
centimetres per second ; how high does it rise, end for how long 
ig upwards? 

Given that a body falling freely passes throughA76^ feet in^ 
> second, find the value of g . vv " 


falling. 


m 


article in the last second of its fall passes through# 

the time of its 1 


Find the height fjj^m which it fell, and 


f A body falls freely froja the top of a tower, and during the 
ond of its flight falls ^-yfchs of the whole distance. Find that 
height of the tower. 


liu^eooE 


lastseoond it falls ? 9 ?ths ofthe whole distance. Find the heig the 


A body falls freely from the top of a tower, and 


height 
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ff .15/ A stone A is thrown vertically upwards with a velocity of 
9tHs6t per second ; find how high it will rise. After 4 seconds from- 
the projection of A , another stone B is let fall from the some point. 
Shew that A will overtake B after 4 seconds more. 


C/QfiJ A body is projected upwards with a certain velocity, and it is 
foumTihat when in its ascent it is 960 feet from the ground it takes 
4 seconds to return to the same point again ; find the velocity of pro- 
jection and the whole height ascended. 

'■^1^ A body projected vertically downwards described 720 feet in 
t seconds, and 2240 feet in 2 1 seconds ; find t , and the velocity of pro- 
jection. 

*<18. A stone is dropped into a well, and the sound of the Bplash is 
heard in 7 j q seconds ; if the velocity of sound be 1120 feet per second, 
fincUthe depth of the well. 

A stone is dropped into a well and reaches tho bottom with a 
Velocity of 96 feet per second, and the sound of the splash on the water 
reaches the top of the well in 3 7^ seconds from the time the stone 
smarts ij/find the velocity of sound. 

Assuming the acceleration of a falling body at the surface of 
CHMioon to be one-sixth of its value on the earth’s surface, find the 
height to which a particle will rise if it be projected vertically upward 
from the surface of the moon with a velocity of 40 feet per second. 

47. Motion down a smooth inclined plane. 

Let AB be the vertical section of a smooth inclined 



plane inclined at a given angle a to the horizon, and let P 
bo a body on the plane. 
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If there wero no plane to stop its motion, the body 
would fall vertically with an acceleration g. 

Now, by the parallelogram of accelerations, a vertical 
acceleration g is equivalent to 

(1) an acceleration g cos a perpendicular to the plane 
in the direction PR, 

and (2) an acceleration g sin a down the plane. 

The plane prevents any motion perpendicular to itself. 

Hence the body moves down the plane with an accelera- 
tion g sin a, and the investigation of its motion is similar 
to that of a freely falling body, except that instead of g we 
have to substitute g sin a. 

It follows at once that the velocity acquired in sliding 
from rest down a length l of the plane 

= *j2g sin a . I— *j2y . I sin a — J'lg . AC, 

and is therefore the same as that acquired by a particle in 
falling freely through a vertical height equal to that of the 
plane. In other words the velocity acquired is independent 
of the inclination of the plane and depends only on the 
vertical height through which the particle has fallen. 

48 . If the body be projected up the plane with initial 
velocity u, an investigation similar to that of Arts. 43 — 45 
will give the motion. The greatest distance attained, 

measured up the plane, is — r — : the time taken in tra- 
r r 9 2g sin a 

versing this distance is — ~ — , and so on. 

° g sin a 9 
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EXAMPLES. VTL 

A body is projected with a velocity of 80 feet per second up a 
»th inclined plane, whose inclination is 30°; find the distance 
described, and the time that elapses, before it comes to rest. 

A heavy particle slides from rest down a smooth inclined 
plane which is 15 feet long and 12 feet high. What is its velocity 
whpn ^teaches the ground, and how long does it take? 

v < @ f A particle sliding down a smooth plane, 16 feet long, acquires 
^velocity of 1C 


4. What is the ratio of the height to the length of a smooth 
inclined plane, so that a body may be four times as long in sliding 
down the plane as in falling freely down the height of the plane start- 
ing from rest? 

UJ /) A. particle is projected (1) upwards, (2) downwards, on a plane 
which is inclined to the horizon at an angle sin“ 1 -g- ; if the initial 
velocity be 16 feet per second in each case, find the distances described 
and the velocities acquired in 4 seconds. 

A particle slides without friction down an inclined plane, and 
be 5tli second after starting passes over a distance of 2207*25 centi- 
nejms; find the inclination of tho plane to the horizon. 

AB is a vertical diameter of a circle, whose plane is vertical, 
uicMFQ a diameter inclined at an anglo 0 to AB. Find 0 so that the 
time of sliding down PQ may be twice that of sliding down AB. 


49. Theorem. The time that a body takes to slide 
down any smooth chord of a vertical circle , which is drawn 
from the highest point of the circle, is constant, . 

Let AB be a diameter of a vertical circle, of which A is 
tho highest point and AD any chord. 

Let l JDAB— 6 ; put AD = x and AB = a, so that 
^ x = a cos ft 

As in tho last article, the acceleration down AD is 
g cos ft Let T be tho time from A to D. Then AD is 
tho distance described in time T by a particle starting 
from rest and moving with acceleration g cos 6. 

x- \gGO$0.T\ 
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This result is independent of 6, and is the same as the 
time of falling vertically through the distance AB, 


A 



Hence the time of falling down all chords of this circle 
beginning at A is the same. 

The same theorem will be found to be true for all chords 
of the same circle ending in the lowest point. 

50 . Lines of quickest descent. The line of 
quickest descent from a given point to a curve in the same 
vertical plane is the straight line down which a body would 
slide from the given point to the given curve in the shortest 
time. 

It is not, in general, the same line as the geometri- 
cally shortest line that can be drawn from the given point 
to the curve. For example, the straight line down which 
the time from a given point to a given plane is least, is not 
the perpendicular from the given point upon the given plane, 
except in the case where the given plane is horizontal. 

51. Theorem. The chord of quickest descent from a 
given point P to a curve in the same vertical plane is PQ , 
where Q is a point* on the curve such that a circle , having P 
at its highest point, touches the curve at Q. 
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For let a circle be drawn, having its highest point at 
P, to touch the given curve externally in Q. Take any 


P 



other point Q 1 on the curve, and let PQ l meet the circle 
again in R. 

Then, since PQ X is > PR, 

the time down PQ X is > time down PR. 

Hut time down i\fl = tirne down PQ (Art. 49), 

so that the time down PQ X is > time down PQ , 
and Q x is any point on the given curve. 

Hence the time down PQ is less than that down any 
other straight line from P to the given curve. 

Similarly it may be shewn that, if we want the chord 
of quickest descent from a given curve to a given point P, 
we must describe a circle having the given point P as its 
lowest point to touch the curve in Q ; then QP is the 
required straight line. 

ZZx. 1. To find the straight line of quickest descent from a given 
point P to a given straight line which is in the same vertical plane as P . 

Let BC be the given straight line. Then we have to describe a 
circle baving its highest point at P to touch the given straight line. 
Draw PB horizontal to meet BC in B. From BC out off a portion 
BQ equal to BP . Then PQ is the required chord; for it is dear 
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that a circle can be drawn to touch BP and ItQ at P and Q re- 
spectively. 


B P 



Ex. 2. To Jind the line of quickest descent from a given point to a 
given circle in the same vertical plane. 

Join P to the lowest point B of the given circle to meet the circle 
again in Q. Then PQ is the required line. For join 0 , the centre of 
the circle, to Q and produce to meet the vertical line through P in C. 
The L QPC= l OBQ, since OB and CP are parallel, 

= L OQB— L CQP. 

Hence a circle whose centre is (?, and radius CP, will have its highest 
point at P and will touch the given circle at <2* 



If P be within the given circle, join P to the highest point and 
produce to meet the circumference in Q ; then PQ will be the required 
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62. Bx. 1. A cage in a mine-shaft descends xoith 2 ft. -sec. units of 
acceleration . After it lias been in motion for 10 'seconds a particle is 
dropped on it from the top t)f the shaft. What time elapses before the 
particle hits the cage ? 

Let T be the time that elapses after the second particle starts. 
The distance it has fallen through is therefore -fagT 2 . The cage has 
been in motion for (T+ 10) seconds, and therefore the distance it has 
fallen through is 

§ . 2 (T+ 10) a or (T+ 10) 3 . 

Hence we have (r+X0) 2 =|flT ;! =l«T 2 . 

r+10=4T. 

.*. T= 3 J seconds. 

Ex. 2. A stone is thrown vertically xoith the velocity which would 
•just carry it to a height of 100 feet. Two seconds later another stone is 
projected vertically from, the same place with the same velocity ; when 
and where will they meet 1 

Let u be the initial velocity of projection. Since the greatest 
height is 100 feet, we have 

O=u 2 -20.1OO. 

.*. u=j2g. 100= 80. 

Let T be tho time after the first stone starts before the two stones 
meet. 

Then the distance traversed by the first stone in time T = distance 
traversed by the second stone in time (T- 2). 

8or-J ff r i =80(r-2)-i ff (r-2) 2 

=80r- 160 - y (P - 4T+ 4). 

160=£«7 (4T-4)=16(4I'-4). 

.". T =3 J seconds. 

Also the height at which they meet=80T- Jf/T 3 

=280 - 196 =84 feet. 

The first stone will be coming down and the second stone going 
upwards. 


EXAMPLES. Vm. 


From a balloon, ascending with a velocity of 82 ft. per second, 
a ^t?5he is let fall and reaches the ground in 17 seconds ; how high 
was the balloon when the stone was ‘dropped? 



If a body be let fall from a height of 64 feet at the same 
that ariother is sent vertically from the foot of the height 



MOTION UNDER GRAVITY 


55 


with a velocity of 64 feet per second, what time elapses before they 
meet? 

If the first body starts 1 sec. later than the other, what time will 
elapse ? 


_ A tower is 288 feet high ; one body is dropped from the top of 
tTie tower and at the same instant another is projected vertically 
upwards from the bottom, and they meet half-way up ; find the initial 
velocity of the projected body and its velocity when it meets the 
descending body. 


P i) A body is dropped from the top of a given tower, and at the 
instant a body is projected from the foot of the tower, in the 
same vertical line, with a velocity which would be just sufficient 
to take it to the same height as the tower; find where they will 
meet. 

V5. A particle is dropped from a height h, and after falling frds 
of that distance passes a particle which was projected upwards at the 
instant when tho first was dropped. Find to what height the latter 
will attain. 

® A body begins to slide down a smooth inclined plane from rest 
top, and at the same instant another body is projected upwards 
from the foot of the plane with such a velocity that they meet half- 
way up tho plane; find the velocity of ‘projection and determine the 
velocity of each when they meet. 

✓ 7. A body is projected upwards with velocity u, and t seconds 
afterwards another body is similarly projected with the same velooity ; 
find, when and where they will meet. 

A balloon ascends with a uniform acceleration of 4 ft. -sec. 
hmST; at the end of half a minute a body is released from it ; find the 
time that elapses before the body reaches the ground. 

After a ball has been falling under gravity for 5 seconds it 
‘^sses through a pane of glass and loses half its velocity ; if it now 
reach the ground in 1 second, find tho height of the glass above the 
ground. 

Tlio space described by a falling body in the last second of 
ptfliiotion is to that described in the last second but one as 8 ; 2 ; find 
the height from which the body was dropped, and tho velocity with 
whieh-it strikes the ground. 

t w y A plane is of length 288 foot and of height 64 feet ; shew how 
\ divide it iitfo three parts so that a particle at the top of the plane 
mhy describe the portions in equal times, and find these times. 

Vi 12/ S^ew that the time that a particle takes to slide down a] 
chord of f* vertical circle, starting from one end of a horizontal j 
diameter, varies as the square root of the tangent of the inclination of' 
the chord to the vertical. 
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Exs. 


13. A number of smooth rods meet in a point A and rings placed 
on them slide down the rods, starting simultaneously from A. Shew 

that after a time t the rings are all on a sphere of radius . 


•14. A number of bodies slide from rest down smooth inclined 
planes which all commence ut the same point and terminate on the 
same horizontal plane; shew that the velocities acquired are the 
same. 


, 15. Two heavy bodies descend the height and length respectively 
of a smooth inclined plane ; shew that the times vary as the spaces 
described and that the v elocities acqu ired are equal. tX 

, 16. A heavy particle slides down a smooch inclined plane of given 

height; shew that the time of descent varies as tho secant of the 
inclination of the plane to the vertical. ^ 

Hi. A body slides down smooth chords of a vertical circle ending 
in its lowest pbint; shew that the velocity on reaching the lowest 
point varies as the length of the chord. 

• 18. If two circles touch each other at tlieir highest or lowest 
points, and a straight line be drawn through the point to meet both 
circles, shew that the time of sliding from rest down the portion of this 
line intercepted between the two circles is constant. 

»<T[9. A plane, of height h and inclination a to the horizon, has a 
smooth groove cut in it inclined at an angle f$ to the line of greatest 
slope ; find the time that a particle would take to describe the groove, 
starting from rest at the top. 


. 20. II a length 8 be divided into n equal parts at the end of each 

of which the acceleration of a moving point is increased by ^ , find 

the velocity of a particle after describing the distance 8 if it started 
from rest with acceleration /. 

r 21. A particle starts from rost with acceleration f ; at tho end of time 
t it becomes 2/ ; it becomes 3/ at end of time 2t , and so on. Find the 
velocity at the end of time nt, and show that the distance- described is 

n(n + l)(2n+ l), 

12 

22. A body starts from rest and moves with uniform acceleration; 
fifew that the distance described in the (n 2 -f n+llth second is equal to 
he distance described in the first n seconds together with the distance 
lescribed in the first (n+1) seconds. 



VIII 


MOTION UNDER GRAVITY 


57 


% 23. H a particle occupies n seconds less and acquires a velocity 
of in feet per second more at one place that at another in falling 

through the same distance, show that ~ equals the geometrical mean 

between the numerical values of gravity at the two places. 

24. A train goes from rest at one station to rest at another, 
one mile off, being uniformly accelerated for the first §rds of the 
journey and uniformly retarded for the remainder, and takes 3 minutes 
to describe the whole distance. Find the acceleration, the retardation, 
and the maximum velocity. 

• 25. An engine-driver suddenly puts on liis brake and shuts off 
steam when ho is running at full speed ; in the first second afterwards 
the train travels 87 feet, and in the next 85 feet. Find tho original 
speed of tho train, the time that elapses before it conics to rest, and 
the distance it will travel in t^is interval, assuming tho brako to cause 
a constant retardation. Find also the time the train will take, if it 
be 96 yards long, to pass a spectator standing at a point 481 yards 
ahead of the train at the instant when the brake was applied. 

A railway-train goes from one station to another moving 
during the first part of the journey with uniform acceleration /; when 
steam is shut off and the brakes are applied, it moves with uniform 
retardation /'. If a bo the distance between the stations, shew that 
the time the train takes is 



# 27. During the first quarter of the journey from a station A to 
a station B the velocity of a train is uniformly accelerated, and during 
the last quarter it is uniformly retarded, and the middle half of the 
journey is performed at a uniform speed. Shew that the average speed 
of the train is ^rds of the full speed. 

28. A lift asoending from a pit 600 feet deep rises during the first 
part of its ascent with uniform acceleration. On nearing tho top the 
upward force is cut off, and the impetus of the lift is just sufficient to 
carry it to the top. If the whole process occupies 30 secs:,* find the 
acceleration during the first part of the ascent, and the maximum 
velocity attained. 

»29. A train starts from rest and reaches its greatest speed of 
50 miles per hour in 5 minutes. This speed is maintained till it is 
half a mile from the next stopping place. Find the values of the 
acceleration and retardation in foot-secohd units, and the whole time 
taken for the journey if it be 100 miles. Draw also the velocity-time 
curve for the whole journey. 



CHAPTER IV. 

THE LAWS OF MOTION. 

53. In the present chapter we propose to consider the 
production of motion, and it will be necessary to commence 
with a few elementary definitions. 

Matter is c< that which can be perceived by the senses ” 
or u that which can be acted upon by, or can exert, force.” 

No definition can however be given that would convey 
an idea of what matter is to anyone who did not already 
possess that idea. It, like time and space, is a primary 
conception. 

A Particle is a portion of matter which is infinitely 
small in all its dimensions, or, at any rate, so small that 
for the purpose of our investigations the distances between 
the different portions of it may be neglected. Sometimes 
bodies of a finite size can bo treated as particles, as in the 
case of a cricket ball thrown into the air, or of a stone 
falling to the ground. Again in considering the motion of 
the Earth round the Sun, the Earth itself may bo treated 
as a particle. 

A Body is a portion of matter which is bounded by 
surfaces, and which is limited in every direction, so that it 
consists of a very large number of material particles. 
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The Mass of a body is the quantity of matter in the 
body. 

Force is that which changes, or tends to change, the 
state of rest or uniform motion of a body. 

These definitions may appear to the student to be vague, 
but we may illustrate their meaning somewhat as follows. 

Tf wo have a small portion of any substance, say iron, 
resting on a smooth table, we may by a push be able to 
move it fairly easily ; if we take a larger quantity of the 
same iron, tho same effort on our part will be able to move 
it less easily. Again, if w? take two portions of platinum 
and wood of exactly the same size and shape, the effect 
produced on these two substances by equal efforts on our 
part will bo quite different. Once more, if wo have a 
croquet-ball and a cannon-ball, both of the same size, 
lying at rest on the ground, and we kick each of them 
with the same force, tho effect on the first is greater than 
that on the second. So also we can distinguish between 
a cask full of water, and an empty one of the same size, 
by watching the effect of equal kicks applied to them. 

Thus common experience shews us that the same effort 
applied to different bodies, under seemingly the same 
conditions, does not always produce the same result. This 
is because the masses of the bodies are different. 

54 . If to the same mass we apply two forces in 
succession, and they generate the same velocity in the 
same time, the forces are said to be equal. 

If the same force be applied to two different masses, 
and if it produce in them the same velocity in the same 
time, the masses are said to be equal. 

The student will notice that we here assume that it is 
possible to create forces of equal intensity on different 
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occasions, e.y. wo assume that the force necessary to keep a 
spiral spring stretched through the same distance is the 
same when other conditions are unaltered. 

Hence by applying the same force in succession we can 
obtain a number of masses each equal to a standard unit of 
mass. The foregoing would be a theoretical method of 
defining equal masses, applicable under all conditions. In 
practice, we shall find that equal masses have equal weights, 
.so that the process of weighing is the simplest practical 
method of comparing masses. 

55. The British unit of mass is called the Imperial 
Pound, and consists of a lump of platinum deposited at 
Westminster, of which there arc in addition several 
accurate copies kept in other places of safety. 

The French, or scientific, unit of mass is called a gramme, and is 
the one-thousandth part of a certain quantity of platinum kept in 
Paris. The gramme was meant to be defined as the mass of a cubic 
centimetre of pure water at a temperature of 4° C. 

It is a much smaller unit than a Pound. 

One Gramme = about 15*432 grains. 

One Pound = about 453*6 grammes. 

The system of units in which a centimetre, gramme, and second, 
are respectively the units of length, mass, and time, is generally called 
the c.o.s. system of units. 

56. Density. The density of a uniform body is the 
mass of a unit volume of the body ; so that, if m be the 
mass of volume V of a body whose density is p , then 

m - Vp. 


57. The Weight of a body is the force with which 
the earth attracts the body. 

It can be shewn that every particle of matter in nature attracts 
every other particle with a force, which varies directly as the product 
of the masses of the quantities, and inversely as the square of the 
distance between .them ; hence it can be deduced that a sphere attracts 
a particle on, or outside, its surface with a force which varies inversely 
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as the square of the distance of the particle from the centre of the 
sphere. The earth is not accurately a sphere, and therefore points on 
its surface are not equidistant from the centre; hence the attraction 
of the earth for a given moss is not quite the same at all points of its 
surface, and therefore the weight of a given mass is slightly different 
at different points of the earth. 

58. The Momentum of a body is proportional to 
the product of the mass and the velocity of the body. 

If we take as the unit of momentum the momentum of 
a unit mass moving with unit velocity, then the momentum 
of a body is mv, where m is the mass and v the velocity of 
the body. The direction of the momentum is the same as 
ithat of the velocity. 

r .Th us the momentum of a body of 100 grammes moving with 
Mjtty 275 cms. per sec. is 27500 centimetre-gramme-second units 
SorJHhentum. 

59. We can now enunciate what are commonly called 
Newton’s Laws of Motion. “ The first two were discovered 
by Galileo (about the year 1590) and the third in some of 
its many forms was known to Hooke, Huyghens, Wallis, 
Wren and others before the publication of the Principia.” 
They were put into formal shape by Newton in his Principia 
published in the year 1686. 

They are; 

Law I. Every body continues in its state of rest , or of 
uniform motion in a straight line 9 except in so far as it be 
compelled by external impressed force to change that state . 

Law II. The rate of change of momentum is propor- 
tional to the impressed force, and takes place in the direction 
of the straight line in which the force acts . 

Law III. To every action there is an equal and 
opposite reaction . 

No strictly formal proof, experimental or otherwise^ 
can be given of these three laws. On them however is 
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based the whole system of Dynamics, and on Dynamics 
the whole theory of Astronomy. Now the results obtained, 
and the predictions made, from the theory of Astronomy 
agree so well with the actual observed facts of Astronomy 
that it is inconceivable that the original laws on which the 
subject is based should be erroneous. For example, the 
Nautical Almanac is published four years beforehand ; the 
motions of the Moon and the Planets are therein predicted, 
and the time and place of Eclipses of the Sun and Moon 
foretold; and the predictions in it are always correct. 
Hence the real reason for our belief in the truth of the 
above throe laws of motion is that the conclusions drawn 
from them agree with our experience. 

60 . Law I. We never see this law actually ex- 
emplified on the Earth because it is practically impossible 
ever to get rid of all forces during the motion of the body. 
It may be seen approximately in operation in the case of 
a piece of dry, hard ice projected along the surface of dry, 
well swept ice. The only forces acting on the fragment of 
ice, in the direction of its motion, are the friction between 
the two portions of ice and the resistance of the air. The 
smoother the surface of the ice the further the small 
portion will go, and the less the resistance of the air the 
further it will go. The above law asserts that if the ice 
were perfectly smooth and if there were no resistance of 
the air and no other forces acting on the body, then it 
would go on for ever in a straight line with uniform 
velocity. 

The law states a principle sometimes called the Prin- 
ciple of Inertia, viz. — that a body has no innate ten- 
dency to change its state of rest or of uniform motion in 
a straight line. A lump of iron resting on the ground 
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does not move by itself, nor unless it is acted upon by 
a force external to itself. 

If a portion of metal attached to a piece of string be 
swung round on a smooth horizontal table, then, if the 
string break, the metal, having no longer any force acting 
on it, proceeds to move in a straight line, viz. tlio tangent 
to the circle at the point at which its circular motion 
ceased. 

If a man step out of a rapidly moving train he is 
generally thrown to the ground ; his feet on touching the 
ground arc brought to. rest; but, as no force acts on the 
upper part of his body, it continues its motion 'as before, 
and the man falls to the ground. 

If a man be riding on a horse which is galloping at a 
fairly rapid pace and the horse suddenly stops, the rider is 
in danger of being thrown over the horse’s head. 

If a man be seated upon the back seat of a dog-cart, 
and the latter suddenly start, the man is very likely to be 
left behind. 

61. Law 11. From this law we derive our method of 
measuring force. 

Let in bo the mass of a body, and f the acceleration 
produced in it by tho action of a force whose measure 
is ]\ 

Then, by the second law of motion, 

Pec rate of change of momentum, 
oc rate of change of mv, 
oc m x rate of change of v (if m is unaltered), 
x m.f. 

.*. P = k. where A is some constant. 
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Now let the unit of forco be so chosen that it may 
produce in unit mass the unit of acceleration. 

Hence, when m = 1 and /= 1, we have P= 1, 
and therefore \= 1. 

The unit of force being thus chosen, we have 
P = m.f. 

Therefore, when proper units are chosen, the measure 
of the force is equal do the measure of the rate of change 
of the momentum. 


62 . From the preceding article it follows that the 
magnitude of the unit of force used in Dynamics depends 
on the units of mass, and acceleration, that we use. The 
unit of acceleration, again, depends, by Arts. 9 and 29, on 
the units of length and time. Hence the unit of force 
depends on our units of mass, length, and time. When 
these latter units are given tho unit of force is a deter- 
minate quantity. 

When a pound, a foot, and a second are respectively the 
units of mass, length, and time, the corresponding unit of 
force is called a Poundal. 


Hence the equation P = mf is a true relation, 
m being the number of pounds in the body, P the 
number of poundals in the fbrce acting on it, and 
f the number of units of acceleration produced in 
the mass m by the action of the force P on it. 

This -relation is sometimes expressed in the form 


Acceleration = 


Moving Force 
Mass moved 


N.B. All through this book the unit of force used will 
be a poundal, unless it is otherwise stated. Thus, when we 
say that the tension of a string is T, we mean T poundals. 
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• 8 . When a gramme, a centimetre, and a second arc respectively 
the units of mass, length, and time, the corresponding unit of force is 
billed a Dyne. [This name is derived from the Greek word ftfr’a/us, 

bounced Dunam is, which means Force.] 

Hence when the equation P=mf is used in this system the force 
must be expressed in dynes, the mass in grammes, and the acceleration 
in centimetre-second units. 

64. Connection between the unit of force and 
the weight of the unit of mass. As explained in 
Art. 42, we know that, when a body drops freely in vacuo 
it moves with an acceleration which we denote by “g”; 
also the force which causes this acceleration is that which 
we call its weight. 

Now the unit of force acting on the unit of mass pro- 
duces in it the unit of acceleration. 

Therefore g units of force acting on the unit of mass 
produce in it g units of acceleration (by the second law). 

But the weight of the unit of mass is that which pro- 
duces in it ,g units of acceleration. 

Hence the weight of the unit of mass = g unite ox force. 

65. Foot-Pound- Second System of units. In this system 
g is equal to 32*2 approximately. 

Therefore the weight of one pound is equal to g unite of 
force, i.e. to g poundals, where g =. 32*2 approximately. 

Hence a poundal is approximately equal to ^-5 times 

the weight of a pound, i.e. to the weight of about half an 
ounce. 

Since g ha 3 different values at different points of the 
earth’s surface, and since a poundal is a force which is the 
same everywhere, it follows that the weight of a pound ’ 
is not constant;, but has different valuet at dif- , 
ferent points of the earth. 


L. D. 
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66 . Centimctre-Gi ammc-Secoiul System of units . In this system 
g is equal to 981 approximately. 

Therefore the weight of one gramme is equal to g units of force, 
t.t. top. dynes, where 

p=981 approximately. 

Hence a dyne is equal to the weight of about ^ of a gramme. 

The dyne is a much smaller unit than a poundal. The approxi- 
mate relation between them may be easily found as follows: 

One Poundal 3^2 oUpoaBd * 


One Dyne 


wt. of a gramme 

981 one pound 981 . , rrv 

~ 32*2 * one gramme “ 32-2 X if 1 • )• 

Hence One Poundal = about 13800 dynes. 


EXAMPLES. IX. 

A mass of 20 pounds is acted on by a constant force which in 
5 seconds produces a velocity of 15 feet per second . Find the force , if 
the mass was initially at rest . 

From the equation v=u+ft, we have 3. 

Also, If P be the force expressed in peundals, we have 
P=20x3=60 poundals. 

Hence P Is equal to the weight of about ® ® , i.e. 1 J , pounds. 

4, A mas o of 10 pounds is placed on a smooth horizontal plane , 
am is acted on by a force equal to the weight of 3 pounds ; find the 
distance described by %t in 10 seconds . 

Here moving force — weight of 3 lbs.=3p poundals; 

and mass moved =10 pounds. 

Hence, if ft.-sec. units amused, the accelerations 

so that the distance required- \ . ^.10 a =480 feet. 

ZXZm Find the magnitude of the force which) acting on a kilogramme • 
for 5 seconds , produces in it a velocity of one metre per second . 

Here the velocity acquired =100 cms. per sec. 

Hence the acceleration t* 20 o.o.s. units. * 

Hence the forces 1000X20 dynes = weight of about 

20** grammes. 



THE LAWS OF MOTION* 


67 


ihnd the acceleration produced when 

[1) A force of 5 poundals acts on a moss of 10 pounds. 

[2) A force equal to the weight of 5 pounds aets on a mass of 

10 pounds. 

[3) A force of 30 pounds weight acts on a mass of 10 tons. 

Find the force expressed (1) in poundals, (2) in terms of the 
'weight of a pound, that will proauce in a mass of 20 pounds an 
acceleration of 10 foot-second units. 

Find the force which, acting horizontally for 5 seconds on a 
mass of 160 pounds placed on a smooth table, will generate in it a 
velocity of 15 feet per second. 

WS?. Find the magnitude of the force which, acting on, a moss of 
TO owt. for 10 seconds, will generate in it a velocity of 3 miles per 
hour. 

Jjfgy A force, equal to the weight of 2 lbs., acts on a mass of 40 lbs. 
Jrer Tialf a minute ; find the velocity acquired, and the space moved 
through, in this time. 

A body, acted upon by a uniform force, in ten seconds describes 
'a aretance of 7 metres ; compare the force with the weight of the body, 
and find the velocity acquired. 

fife" In what time will a force, which is equal to the weight of a 
pound, move a moss of 18 lbs. through 50 feet along a smooth 
horizontal plane, and what will be the velocity acquired by the 

A body, of mass 200 Jions, is acted on by a force equal to 
HwJOO poundals; how long will it take to acquire a velocity of 
30 miles per hour? 

In what time will a force, equal to the weight of 16 lbs., acting 
olpfmass of 1 tern move it through 14 feet? 

A mass of 224 lbs* is plaoedon a smooth horizontal plane, 
MBra uniform force acting on it pdritllel to the table for 5 seconds 
causes it to describe 50 feet in that time; shew that the force is equal 
to about 28 lbs. weight. 


%/' A heavy truck, of mass 16 tons, is star 
MSmk line of rails. A horse now pulls at it stead 
6f the line of rails with a force equal to the weight 
wiUit move in 1 minute? 


fig at rest on a 
m the dlrec#o&' 
1 owt. How for 


ditto bm it 

ftmewMwtoaet; ; - v v - : - 


gmumnes aots»on e sett 1 
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r IJJ$. A forco equal to the weight of a kilogramme acts on a body 
%otjfiinuously for 10 seconds, and causes it to describe 10 metres in 
that time ; find the mass of the body. 

JgyK A horizontal force equal to the weight of 9 lbs. acts on a 
lnass along a smooth horizontal plane ; after moving through a space 
of 25 feet the mass has acquired a velocity of 10 feet per second; find 
its magnitude. 

K) A body is placed on a smooth table and a force equal to the 
^reignt of 6 lbs. acts continuously on it; at the end of 8 seconds the 
body is moving at the rate of 48 feet per second ; find its mass. 

I A body, of mass 3 lbs., is falling under gravity at the rate of 
per second. What is the uniform force that wnl stop it (1) in 
2 seconds, (2) in 2 feet? 

JO, Of twtflorccs, one acts on a mass of 5 lbs. and in one-eleventh 
'C^ASecond produces in it a velocity of 5 feet per second, and the other 
acting on a mass of 625 lbs. in 1 minute produces in it a velocity of 
18 miles per hour; compare the two forces. 

|) A mass of 10 lbs. falls 10 feet from rest, and is then brought 
’ by penetrating 1 foot into some sand ; find the average thrust 
the sand on it. 

A cannon-ball of mass 1000 grammes is discharged with a 
vefcmty of 45000 centimetres per second from a cannon the length of 
whose barrel is 200 centimetres ; show that the mean force exerted on 
the ball during the explosion is 5*0625 x 10° dynes. 



23. It was found that when 1 foot was cut oil from the muzzle of 
a gun firing a projectile of 100 lbs., the velocity of the projectile was 
altered from 1490 to 1330 feet per second. Shew that the force 
exerted on the projectile by the powder-gas at the muzzle, when 
expanded in the bore, was about 315 tons weight. 

A bullet moving at the rate of 200 feet per second is fired into 
of wood into which it penetrates 9 inches ; if a bullet moving 
with the same velocity were fired into a similar piece of wood 5 inches 
thick, with what velocity would it emerge, supposing the resistance to 
be uniform? 

' , ** N \ 

/ j 25. A motor car travelling at the rate o{ 46 kilometres per hour 
is Wpped by its brakes in 4 seconds; shew ihatit Will go about 22 
metres from the point at which the brakes are fitsiftpplied, and that 
the force exerted by them is about *283 times itoW&fiht of the ear, 
and would hold the oar at rest on an incline of about lm 8}. 
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67. A poundal and a dyne are called Absolute Units 
because their values are not dependent on the value of <7, 
which varies at different places on the earths surface. The 
weight of a pound and of a gramme do depend on this 
value. Hence they are called Gravitation Units. 

68 . The weight of a body is proportional to its mass 
and is independent of the kind of r natter of which it is com- 
posed. The following is an experimental fact : If we have 
an air-tight receiver, and if wo allow to drop at the same 
instant, from the same height, portions of matter of any 
kind whatever, such as a piece of metal, a feather, a piece 
of paper etc., all these substances will be found to have 
always fallen through the same distance, and to hit the base 
of the receiver at the same time, whatever be the sub- 
stances, or tho height from which they are allowed to fall. 
Since these bodies always fall through the same height in 
tho same time, therefore their velocities [rates of change of 
space,] and their accelerations [rates of change of velocity,] 
must be always the same. 

The student can approximately perform the above experiment 
without creating a vacuum. Take a penny and a light substance, 
say a small piece of paper; place tho paper on the penny, held 
horizontally, and allow both to drop. They will be found to keep 
together in their fall, although, if they be dropped separately, the 
penny will roach tho ground much quicker than tho paper. The 
penny clears the air out of the way of the paper and so the same 
result is produced as would be the case if thero were no air. 

Let W 1 and W 2 poundals be the weights of any two of 
these bodies, m x and their masses. Then since their 
accelerations are the same and equal to <7, we have 

Wi = mi9, 

and W 2 = nug • 

W x : W 2 

or the weight of a body is proportional to its mass. 
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Hence bodies whose weights are equal have equal 
masses ; so also the ratio of the masses of two bodies is 
* known when the ratio of their weights is known. 

The equation IF -mg is a numerical one, and means 
that the number of units of force in the weight of a body 
is equal to the product of the number of units of mass in 
the mass of the body, and the number of units of accelera- 
tion produced in the body by its weight. 

From the result of Art. 61, combined with this article, 

p f 

we have z-, i.e. the ratio of any force to the weight 

of a body is the same as the acceleration produced by the 
force acting on the body to the acceleration produced by 
gravity. 

This form of the relation between P and f is preferred 
by some. 


60. Distinction between mass and weight . The student must 
carefully notice the difference between the mass and the weight of a 
body. Ho has probably been so accustomed to estimate the masses of 
bodies by means of their weights that he has not clearly distinguished 
between the two. If it were possible to have a cannon-ball at the 
centie of the earth it would have no weight there ; for the attraction 
of the earth on a particle at its centre is zero. If, however, it were in 
motion, the same force would be required to stop it as would be 
necessary under similar conditions at the surface of the earth. Hence 
we see that it might be possible for a body to havo no weight; its mass 
however remains unaltered. 

The confusion is probably to a great extent caused by the fact that 
the word “pound ” is used in two senses which are scientifically 
different; it is used to denote both what wo more properly call “ the 
mass of ono pound ” and “ the weight of one pound.* 1 It cannot be 
too strongly impressed on the student that, strictly speaking, a pound 
is a mass and a mass only ; when we wish to speak of the force with 
which the earth attracts this mass we ought to speak of the “ weight 
of a pound.” This latter phrase is often shortened into “ a pound,** 
but cate must be taken to see in which sense this word is used. 

It may also be noted here that the expression “ a ball of lead 
weighing 20 lbs.** is, strictly speaking, an abbreviation for “a ball of 
lead whose weight is equal to the weight of 20 lbs.” The mass of the 
lead is 20 lbs. ; its weight is 20p poundals. 
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70 . Weighing hy Scales and a Spring Balance . We have pointed 
out (Art. 42) that the acceleration due to gravity, i.c. the value of g y 
varies slightly as we proceed from point to point of the earth's surface. 
When we weigh out a substance (say tea) by means of a pair of scales, 
we adjust the tea until the weight of the tea is the same as the weight 
of sundry pieces of metal whose masses are known, and then, by 
Art. 68, wo know that the mass of the tea is the same as the mass of 
the metal. Hence a pair of scales really measures masses and not 
weights, and so the apparent weight of the tea is the same every- 
where. 

When we use a spring balance, wo compare the weight of the tea 
with the force necessary to keep the spring stretched through a certain 
distance. If then we move our tea and spring balance to another 
place, say from London to Paris, the weight of the tea will be different, 
whilst the force necessary to keep the spring stretched through the 
same distance os before will be the same. Hence the weight of the 
tea will pull the spring through a distance different from the former 
distance, and hence its apparent weight as shewn by the instrument 
will be different. 

If we have two places, A and B, at the first of which the numerical 
value of n is greater than at the second, then a given mass of tea will 
fas tested by the spring balance,] appear to weigh more at A than it 
does at B . 


fix. 1. At the equator the value of g is 32*09 and in London the 
value is 32*2 ; a merchant buys tea at the equator, at a shilling 
per pound, and sells in London ; at what price per pound (apparent) 
must he sell so that ho may neither gain nor lose, if he use the Bame 
spring balance for both transactions ? 

A quantity of tea which weighs 1 lb. at the equator will appear 

32*2 32*2 

to weigh lbs. in London. Hence he should sell — -~r lbs. for 
d2*09 32*09 

3209 

one shilling, or at the rate of sliillings per pound. 

Bx. 2. At a place A , <7=32*24, and at a place B, <7=32*12. A 
merchant buys goods at £10 per cwt. at A ana sells at B, using the 
same spring balance. If ho is to gain 20 per cent., shew that his 
selling price must be £12. Os. lOJrf. per owt. 

71. Physical Independence of Forces. The 

latter part of the Second Law states that the change of 
motion produced by a force is in the direction in which 
the force acts. 

Suppose we have a particle in motion in the direction 
AB and a force acting on it in the direction AC ; then 
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the law states that the velocity in the direction AB is 
unchanged, and that the only change of velocity is in the 
direction AC\ so that to find the real velocity of the 
particle at the end of a unit of time, we must compound 
its velocity in the direction AB with the velocity generated 
in that unit of time by the force in the direction AC. 
The same reasoning would hold if we had a second force 
acting on the particle in some other direction, and so for 
any system of forces. Hence if a set of forces act on a 
particle at rest, or in motion, their combined effect is 
found by considering the effect of eacli force on the particle 
just as if the other forces did not exist , and as if the •particle 
were at rest , and then compounding these effects. This 
principle is often referred to as that of the Physical Inde- 
pendence of Forces. 

As an illustration of this principle consider the motion of a ball 
allowed to fall from the hand of a passenger in a train which is 
travelling rapidly. It will be found to hit the floor of the carriage at 
exactly the same spot as it would have done if the carriage had been 
at rest. This shews that the ball must have continued to move 
forward with the same velocity that the train had, or, in other words, 
the weight of the body only altered the motion in the vertical direction, 
and had no influence on the horizontal velocity of the particle. 

Again, if any two small bodies be placed on the edge of a table, 
and be hit so that they leave the table at the same moment, but with 
velocities differing as much as possible, then whatever be their masses 
or their initial velocities, they will be heard to hit the floor at the 
same instant. It hence follows that the vertical accelerations and 
velocities produced in the bodies are independent of their masses and 
also of their initial velocities. 

So also, a circus rider, who wishes to jump through a hoop, springs 
in a vertical direction from the horse’s back; his horizontal velocity 
is the same as that of the horse and remains unaltered ; he therefore 
alights on the horse’ if back at the spot from which he started. 

72. Parallelogram of Forces. Wo have shown 
in Art. 30 that if a particle of mass m have accelerations 
fi and ^ represented in magnitude and direction by lines AB 
and AC, then its resultant acceleration / 8 is represented 
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in magnitude and direction by AD, the diagonal of the 
parallelogram of which AB and AG are adjacent sides. 



Since the particle has an acceleration/’ in the direction 
AB there must be a force P x (= mf) in that direction, and 
similarly a force P., (= mf) in tlie direction AC. Let 
AB X and AG X represent these forces in magnitude and 
direction. Complete the parallelogram AB X D X C X , Then 
since tlie forces in the directions AB X and AG X are propor- 
tional to the accelerations in these directions, 

AB X : AB : : B X D X : BD. 

Hence, by simple geometry, we have A , D and D x in a 
straight line, and 

AD 1 :AD::AB 1 :AB. 

It follows that AD X represents the force which produces 
the acceleration represented by AD, and hence is the force 
which is equivalent to tho forces represented by AB X and 
ACj. 

Hence we infer the truth of the Parallelogram of Forces 
which may be enunciated as follows : 

If a particle be acted on by two forces represented in 
magnitude and direction by the two sides of a parallelogram 
drawn from d point, they are equivalent to a force repre- 
sented in magnitude and direction by the diagonal of the 
parallelogram passing through the point 
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Cor. If in Arts. 13 — 19 which are founded on tho 
Parallelogram of Velocities we substitute the word “force” 
for “ velocity ” they will still be true. 

73. Law III. To every action there is an equal cmd 
opposite reaction. 

Every exertion of force consists of a mutual action 
between two bodies. This mutual action is called tho stress 
between the two bodies, so that the Action and Reaction 
of Newton together form the Stress. 

Illustrations. 1, If a book rest on a tabic, the book presses the 
table with a force equal and opposite to that which the table exerts on 
the book. 

2. If a man raise a weight by means of a string tied to it, 
the string exerts on the man’s hand exactly the same force that it 
exerts on the weight, but in the opposite direction. 

3. The attraction of the earth on a body is its weight, and 
the body attracts the earth with a force equal and opposite to 
its own weight. 

4. When a man drags a heavy body along the ground by means 
of a rope, the rope drags the man back with a force equal to that 
with which it drags the body forward. [The weight of tho rope is 
neglected.] 



[In the figure AB represents the central line of the man’s body. 
F and R are the horizontal and vertioal forces which the earth exerts 
on his feet, and which are equal and opposite to the forces his feet 
exert on the earth. T is the tension of tho rope which acts in 
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opposite directions at its ends. F is the horizontal force between 
the earth and the body. 

The man moves because F> T. 

The body moves because T>F\ 

Thus at the commencement of the motion we have F> T>F '. 

When the man and body are moving uniformly these three forces 
are equal.] 

5. In the case of a stretched piece of indiarubber, with the ends 
held in a man’s hands, the indiarubber pulls one hand with a force 
equal and opposite to that with which it pulls the other hand. 

The compressed buffers between two railway carriages push one 
carriage with a force exactly equal and opposite to that with which 
they push the other carnage. 



CHAPTER Y. 

LAWS OF MOTION (continued). APPLICATION 
TO SIMPLE PROBLEMS. 

4 a 

(74^ Motion of two particles connected by 
a string. 

Two j>article8 f of masses m x and m 2t are connected by a 
light inextensible string which passes over a 
small smooth fixed pulley . If m x be > m 2 , find 
the resulting motion of the system , and the 
tension of the string . 

Let the tension of the string be T 
poundals ; the pulley being smooth, this 
will be the same throughout the string. 

Since the string is inextensible, the velo- 
city of m 2 upwards must, throughout the 
motion, be the same as that of downwards. 

Hence their accelerations [rates of change 
of velocity] must be the same in magnitude. 

Let the magnitude of the common acceleration bef 

Now the force on m x downwards is m x g — T poundals. 


Hence m^g-T- m^f (1). 

So the force on upwards is T — m^g poundals ; 

T-m^g^m^f ( 2 ). 
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Adding (1) and (2), we have/=-^™^V, 

common acceleration. 

Also, from (2), 


which is the 


T - »/„ (/ + g) = <7 poundals (3). 

Since the acceleration is known and constant, the 
equations of Art. 32 give the space moved through and 
the velocity acquired in any given time. 


Experiment. By using the foregoing result the value of g may 
be roughly obtained if allowance be made for the friction etc. of the 
pulley. 

Fix a light pulley at a convenient height from the ground, so that 
the distance through which the masses move may be measured. 
Bound the pulley put a light string having at its ends two equal 
masses [weights of the shape l\ in Art. 82, are convenient]. Bv 
trial find the mass li which, when placed on the right-hand P, will 
make it very slowly and uniformly descend to the ground. This mass 
It is in general small, and we shall neglect it. 

Now place on the same P an additional mass Q so that it descends 
to the ground with an acceleration f which is given by the previous 
formula. For wq — P + Q and wq = P. 


Q 




~ Wlj- THo 
~ J/q + My " 

Measure the distance h through which the weight falls, and the 
time t that it takes; then 

Hero everything is known except g which can thus be found. 

In an actual experiment the pulley used was a light aluminium one. 
The original masses P at the ends of the string were each 265 
grammes. * 

A small mass of the shape Q [Art. 82] equal to 4 grammes when 
placed on one of the weights P was found to just make it very slowly 
descend to the ground, so that this weight just overcomes the frictional 
resistance. 


An extra mass of 9 grammes was put on, and the combined 
weight was then found to descend a distance of 8 feet to the floor in 
5*5 seconds. [This time can be found to a considerable degree of 
accuracy by a stop-watch or by placing an ordinary watch beating four 
times per second to the ear ; the mean of several determinations bhould 
be taken.] 
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Neglecting the 4 grammes put on in order to overcome the friction, 
wo have m l — 265 and m 2 = 265 + 9. 

and hence 8= 2 539 

8 x 2 x 539 x 4 

••»= »->Tl2i- =ab0U ‘ 31 ' 7 - 


This is as accurate a result as we can expect to obtain fiom this 
experiment. 

That the tension of the string is as found may be experimentally 
verified as follows : 



Attach the pulley to the end A of a uniform rod, which can turn 
about its centre. Then if during the motion the pulley C be at re«?t, 
the tension of the string AC must, by result (3), 

=2T+wt. of pulley (7= — — — # +wt. of pulley, 

and hence to keep the beam horizontal weights must be put into the 
scale-pan at B which will just balance this tension. 

As a numerical illustration take m,=70 and 7W 2 =30 grammes; let 
the mass of the pulley C be 40 grammes and that of the scale-pan B 
be 10 grammes. 

During the motion, 

orF , 4.70.30 oi . , . 

2T=- 0 ~— Q - <7 = 84 grammes weight ; 

therefore total weight to be placed in the scale-pan 

=wt. of pulley C+ 84 grammes - 10 grammes— 114 grammes. 

Put 114 grammes into the scale-pan B; and hold the pulley C, so 
that it cannot rotate, in such a position that BOA is horizontal ; now 
let motion ensue ; the beam will be found to remain horizontal so long 
as the motion continues ; this shows that the tension of the string AC 
really was 124* grammes as the theory gives. 
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If the string be Blipped off the rim of the pulley, so that no motion 
can ensue, then, in order to balance m 1 and wi 2 , the weights that must 
be put into the scale-pan 

=\vts. of C, m v and ni^-wt. of the scale-pan 
=40 i 70 + 30-10= 130 grammes. 

Hence when there is motion we see, from experiment, that the tension 
of thp string is less than when the pulley is not fice to move. 

Two ‘particles , of masses m x and m 2 , are connected 
by a light inextensible string ; m 2 

is placed on a smooth horizontal waT 

table and the string passes over a * " 1 

light smooth pulley at the edge of 

the table , m x hanging freely ; find # w » 

the resulting motion . 

Let the tension of the string be T poundals. 

The velocity and acceleration of along tho table must 
bo equal to the velocity and acceleration of m x in a vertical 
direction. 

Let f be the common acceleration of the masses. 

The force on m x downward is m x g —T\ 

/. m,g — T- mf (1). 

The only horizontal force acting on m a is the tension T\ 
[for the weight of m 2 is balanced by the reaction of the 
tnble]. 

T^ititf (2). 

Adding (1) and (2), we have 

w 1 ^ = (w 1 + »e a )/ 

• f- rr 

Wj + mf' 

giving the required acceleration. 

Hence, from (2), T - 9 poundals = weight of a 

body whose mass is 


g poundals = weight of a 
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Two masses, m x and m 2 , are connected by a string ; 
7n % is placed on a smooth plane inclined at an angle a to the 
horizon , and the string , after passing 
over a small smooth pulley at the top 
of the plane , supports m l9 which hangs 
vertically ; if descend , find the re- 
sulting motion. n 

Let the tension of the string bo 
T poundals. The velocity and accele- 
ration of wig up the plane are clearly equal to the velocity 
and acceleration of vertically. 

Let f be this common acceleration. For the motion of 
wij, we have 

m i9 - T= mj (1). 



The weight of m., is m 2 g vertically downwards. 

The resolved part of m 2 g perpendicular to the inclined 
plane is balanced by the reaction R of the plane, since m 2 
has no acceleration perpendicular to the plane. 

The resolved part of the weight down the inclined plane 
is m 2 g sin a, and hence the total force up the plane is 


T - m,g sin a. 

Hence T - m 2 g sin a =* m^f (2). 

Adding (1) and (2), we easily have 


- mi-WoSina 

f= — — 9- 


7)%! + m 2 

Also, on substitution in (1), ' 

F=m l (ff-/)=m lSf £l- 

(1 + sin a) 

~ mx + t?v ^ 


m x — m 2 sin 


Mi + 7?lg 


in a"l 

h~ J 


giving the tension of the string. 
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EXAMPLES. X. 

A mass of 9 lbs., descending vertically, drags up a mass of 
orbs, by means of a string passing over a smooth pulley; find the 
acceleration of the system and the tension of the string. 

Two particles, of masses 7 and 9 lbs., are connected by a light 
khfljfg passing over a smooth pulley. Find (1) their common accelera- 
tion, (2) tho tension of the string, (3) the velocity at the end of 
5 Qiponds, and (1) Ihp distance described in 5 seconds. 

3 Two particles, of masses 11 and 13 lbs., are connected by a 
f string passing over a smooth pulley. Find (1) the velocity at the 
end of 4 seconds, and (2) tho space described in 4 seconds. If at the 
end of 4 seconds the string be cut, find the distance described by eaoli 
particle in the next 6 seconds. 

Classes of 450 and 5-50 grammes are connected by a thread 
ring over a light pulley ; how far do they go in the first 3 seconds 
of tjie motion, and what is the tension of the string? 

5, Two masses of 5 and 7 lbs. are fastened to the ends of a oord 
jjiUsmg over a frictionless pulley supported by a hook. When they 
are free to move, shew that the pull on the hook is equal to Ilf lbs. 
weight. 

“^/Bd Two equal masses, of 3 lbs. each, are connected by a light 
string hanging over a smooth peg ; if a third mass of 3 lbs. be laid on 
onaof them, by how much is the pressure on the peg increased? 

Two masses, each equal to P, are connected by a light string 
pa&MKg over a smooth pulley, and a third mass P is laid on one of 
thepjLj find by how much the pressure on the peg is increased. 
mA 8.) Two masses, each equal to m, are connected by a string passing 
smooth pulley; what mass must be taken from one and added' 
to tho other, so that the system may describe 200 feet in 5 seconds? 




# Of/ A mass of 3 lbs., descending vertically, draws up a mass of 
by means of alight 


_ over a pulley ; at the end of 
how much higher the 2 lb. mass 


6 seconds the string breaks; fim 
will gp. 

'ffMk A body, of mass 9 lbs., is placed on a smooth table at a 
distance of 8 feet from its edge, and is connected, by a string passing 
over the edge, with a body of m*ss 1 lb. ; find 
^fl) the common acceleration, 

* the time that elapses before the body reaohes the edge of 
the table, 

and Jfi) its velocity on leaving the table. 

A mass of 350 grammes is placed on a smooth table at a 
i iftfteoe of 245*25 ems* from its edge and connected hy a light etriug 
passing over the edge with a mass of 50 grammes hanging 
what time will elapse before the first mass will leave the tafcfeJrT 
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y/\2. A particle, of mass 5 lbs., is placed on a smooth plane in- 
clined at 30° to the horizon, and connected by a string passing over 
the top of the plane with a particle of mass 3 lbs., which hangs ver- 
tically; find ^i) the common acceleration, (21 the tension of the 
string, "Of the velocity at the end of 3 seconds, U^ho space described 
in g seconds. ^ 

y ( 23: A particle, of mass 4 lbs., is placed at the bottom of a plane, 
U&ftied at 45° to the herizon and of length 7 feet, and is connected 
with a mass of 3 lbs. by a string passing over the top of thcnlane ; find 
the common acceleration of the masses, and the timerthat elapses 
before the first arrives at the top of the plane. 

A body, of mass 12 lbs., is placed on an inclined plane, whose 
Height is half its length, and connected by a light Btring passing over 
a pulley at the top of the plane with a mass of 8 lbs. which hangs 
freely; find the distance described by the masses in 5 seconds. 

%^15J A mass of 6 ounces slides down a smooth inclined plane, 
wlweftieight is half its length, and draws another mass from rest over 
a distance of 3 feet in 5 seconds along a horizontal table which is level 
with the top of the plane over which the string passes ; find the mass 
on Jfce table. 

l yn py A mass of 4 ozs. is attached by a string passing over a smooth 
mffleyto a larger mass ; find the magnitude of the latter bo that, if 
afterthe motion has continued 3 seconds the string be cut, the former 
will^ascend ft. before descending. 

Two scale-pans, of mass 3 lbs. each, are connected by a string 
pasShlg < over a smooth pulley ; shew how to divide a mass of 12 lbs. 
between the two scale-pans so that the heavier may descend a distance 
ofAieet in the first 5 seconds. 

Two strings pass over a smooth pulley ; on one side they are 
■attftdfed to masses of 8 and 4 lbs. respectively, and on the other to 
one of 5 lbs. ; find the tensions of the strings and the acceleration of 
the system. 

A string hung over a pulley has at one end a weight of 10 lbs. 
ancHre the other end weights of 8 and 4 lbs. respectively ; after being 1 
In motion for 5 seconds the 4 lb. weight is taken off ; find how much 
further the weights go before they first come to rest. 


th an t he sum of the weights of the masses. 

Xatfr A string passing across a smooth table at right angles to two 
VngPite edges has attached to it at the ends two masses P and Q 
which hang vertically. Prove that, if a mass M be attached to the 
portion of the string which is on the table, the acceleration of the 
system when left to itself will be 

P-Q , 

P+Q+U 9 ' 
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{T7) Motion on a rough plane. A particle 
slides down a rough plane inclined to the horizon at an 
angle a; if p he the coefficient of friction , to determine the 


motion . 


Lot m be the mass of the particle, so that its weight is 
mg poundals ; let R be the normal reaction of the plane, 
and pR the friction 



The total force perpendicular to the plane is 
(R - mg cos a) poundals. 

The total forco down the plane is (mg sin a-pR) 
poundals. 

Now perpendicular to the plane there cannot be any 
motion, and hence there is no change of motion. 

Hence the acceleration, and therefore the total force, in 
that direction is zero. 

R -mg cos a—Q (1). 


Also the acceleration down the plane 


moving force _ m g sin a - pR 
mass moved ~ m 


= g (sin a — p cos a), by (1), 


Hence the velocity of the particle after it has moved 
from rest over a lepgth l of the plane is, by Art 32, equal 
to 2gl (sin a - coS a). 
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Similarly, if tho particle were projected up the plane, 
we have to change the sign of p, and its acceleration in 
a direction opposite to that of its motion is 
g (sin a + p cos a). 

^8) Two equally rough inclined planes , of equal height , 
whose inclinations to the horizon are and a 2 , are placed 
back to back ; two masses , m x and m 2 , are placed on their 
inclined faxes and are connected by a light inextensible string 
passing over a smooth pulley at the common vertex of the two 
planes ; if m x descend , find the resulting motion. 

Let T be the tension of the string, ll x and ht 2 the 
reactions of the planes, and p the coefficient of friction. 



Since m x moves down, the friction on it acts up the 
plane. 

Since moves up, the friction on it acts down the 
plane. 

Hence the total force on m x down the plane 
- m x g sin a x —T-pR x \ 

- m x g (sin a x — p cos a 2 ) - T. 

Hence, if / be the common acceleration of the two 
particles, we have 

m^g (sin a x - p cos a,) - (1). 
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Similarly, the total force on m 2 up the plane 
= T~ — m 2 g sin 
= T— m. 2 g [sill a 2 + fi cos a.J. 

Hence 

T— m^g (sin cu 2 + p cos au 2 ) = m^f. (2). 

Adding (1) and (2), we have 

, x f m 1 (sin a A ~ /a cos aj) "1 

^ rai + ^)^UWa J + , C os a! )J- 

giving the required acceleration. 

( 79 ) A train , of mass ,50 tons, is ascending an incline of 
1 in 100; the engine exerts a constant tractive force equal to 
the weight of 1 ton, and the resistance due to f riction etc . may 
he taken at 8 lbs. weight 'per ton ; find the acceleration with 
which the train ascends the incline . 


The train is retarded by the resolved part of its weight 
down the incline, and by the resistance of friction. 

The latter is equal to 8 x 50 or 400 lbs. wt. : - 

The incline is at an angle a to the horizon, where 
sin a = 

The resolved part of the weight down the incline 
therefore 

= W sin a = 50 x 2240 x T -J^ lbs. wt. 

= 1120 lbs. wt. 

Hence the total force to retard the train =1520 lbs. wt ; 

But the engine pulls with a force equal to 2240 lbs. 
weight. 

Therefore the total force to increase the speed equals « 
(2240—1520) or 7&0 lbs. weight, i.e. 72Qg poundals. 

Also the mass moved is 50 x 2240 lbs. 
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Hence the acceleration = 

50 x 2240 


§9 

1400 


ft. -sec. units 


Since the acceleration is known, we can, by Art. 32, 
find the velocity acquired, and the space described, in a 
given time, etc. 


EXAMPLES. XI. 

A mass of 5 lbs. on a rough horizontal table is'Conneeted by a 
.dicing with a mass of 8 lbs. which hangs over the edge of the table ; if 
the coefficient of friction be J, find the resultant acceleration. 

Find also the coefficient of friction if the acoeleiation be half that 
of a freely falling body. 

5%38T A mass Q on a horizontal table, whose coefficient of friction is 
yo, is connected by a string with a mass 3 Q which hangs over the 
edge of the table ; four seconds after the commencement of the motion 
the string breaks ; lind the velocity at this instant. 

I Find also the distance of the new position of equilibrium of Q from 
fts initial position. 

f 3. A mass of 200 grammes is moved along a rough horizontal 
table by means of a string which is attached to a mass of 
40 grammes hanging over the edge of the table; if the masses take 
twice the time to acquire the same velocity from rest that they do 
whep the table is smooth, find the coefficient of friction. 

A body, of mass 10 lbs., is placed on a rough plane, whose 

coefficient of friction is — and whose inclination to the horizon is 
v** 

30° ; if the length of the plane be 4 feet and the body be acted on by a 
force, parallel to the plane, equal to 15 lbs. weight, find the time that 
elapses before it reaches the top of the plane and its velocity there. 

5, If in the previous question the body be connected with a mass 
of 15 lbs., hanging freely, by means of a string passing over the top of 
the plane, find the time and velocity. 

A rough plane is 100 feet long and is inclined to the horizon at 
jle sin -1 f, the coefficient of friction being ^ and a body slides ‘ 
it from rest at the highest point ; find its velocity on reaching 
the bottoms 

If the body were projected up the plane from the bottom bo as just 
66 teach the top, find its initial velocity. 
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A particle slides down a rough inclined plane, whose initiation 

wfee horizon is £ and whose coefficient of friction is?; shew that the 
4 4 

time of descending any space is twice what it would be if the plane 
were perfectly smooth. 

i V£p‘xwo rough planes, inclined at 30° and 60° to the horizon and 
ofThe same height, are placed back to back ; masses of 5 and 10 lbs. 
«tte placed on the faces and connected by a string passing over the top 

of the planes ; if the coefficient of friction be , find the resulting 
, v J 

acceleration 


9. If in the previous question the masses be interchanged, what 
is the^esulting acceleration? 

yvtjbr A train is moving on horizontal rails at the rate of 15 miles 
rpdj^iour ; if the steam be suddenly turned off, find how far it will go 
bef oia s topping, the resistance being 8 lbs. per ton. 



If' a train of 200 tons, moving at the rate of 30 miles per 
hffcjfclan. be stopped in 60 yards, compare the frictional resistances 
with the weight of a ton. 

A train is running on horizontal rails at the -ate of 30 miles 
pdMiour, the resistance due to friction, etc. being lOios. wt. per ton; 
if the steam be shut off, find (11 the tune that elapses before the train 
comes to rest* (2) the distance described in this time. 


13. In the pievious question if the train be ascending an incline 
of 1 in 112, find the corresponding time and distance. 

* f 14) A train of mass 200 tons is running at the rate of 40 miles 
"periour down an incline of 1 in 120 ; find the resistance necessary to 
stop it in half a mile. 


15. A train runs from rest for 1 mile down a plane whose descents 
is 1 foot vertically for each 100 feet of its length ; if the resistances 
be equal to 8 lbs. per ton, how far will the train be carried along the 
horizontal level at the foot of the incline? 


16. A train of mass 140 tons, travelling at the rate of 15 miles 
per hour, comes to the top of an incline of 1 in 128, the length of the 
incline being half a mile, and steam is then shut off ; taking the 
resistance due to friction, etc. as 10 lbs. wt. per ton, find the distance 
it describes on a horizontal line at the foot of the incline before 
Ooming to rest. 

17. In the preceding question, if on arriving at the foot of the 
incline a brake* van, of* weight 10 tons/ have alt its wheels prevented 
from revolving, find the distance described, assuming the oceffiotoetol 
friction between the wheels and the line to be *5. 
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18 . An engine, of mass 30 ions, pulls after it a train, of mass 
130 tons : supposing the friction to be - 5 * 0 -tli of the weight of the whole 
train, calculate the force exerted by the engine if at the end of the first 
mile from the start the speed be raised to 45 miles per hour. 

What, incline would be just sufficient to prevent the engine from 
moving the train? 

Also down what incline would the train mn with constant 
velocity, neither steam nor brakes being on? 

80 . A body , of mass m lbs ., is placed on a horizontal 
plane which is in motion with a vertical upward accelera- 
tion f ; find the reaction between the body and the plane. 

Let R bo the reaction between the body and the plane. 

Since the acceleration is ver- 
tically upwards, the total force 
acting on the body must be ver- 
tically upwards. 

The only force, besides 7i, 
acting on the body is its weight 
my acting vertically downwards. 

Hence the total force is R — mg vertically upwards, and 
this produces an acceleration / ; hence 

R - my = mfi giving R. 

In a similar manner it may be shewn that, if the body 
be moving with a downward acceleration J\ the reaction R x 
is given by 

my - R l := mfi 

We note that the reaction is greater or less than the 
weight of the body, according as the acceleration of the 
body is upwards or downwards. 

Ex. 1. The body is of mass 20 lbs. and is moving with (1) an 
upward acceleration of 12 ft.-sec . units, (2) a downward acceleration of 
the same magnitude; find the reactions . 
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In the first ease we have 


1e-2o.0-2o.r2. 

if = 20(32 + 12) poundals=wt. of 27^ lbs. 
In the second case we have 


20.0-7^ = 20. 12. 

\ 7£— 20(32- 12) poundals = wt. of 12i lbs. 


Ex. 2. Tiro scale-pan x, each of mass M, are connected bp a lipid 
string passing oner a small pulley, and in them are placed masses 
and M . 2 ; shew that the reactions of the pans during the motion are 


respect i rely. 


.1/, h J/,+ 2.W '' + + 2J / ' 9 


Lot J be tiic common acceleration of the system, and suppose 

-Vr-.v a . 

Then, as in Art. 74, \vc have 

, AT, - M, 

Lot P Ikj the reaction between and the scale-pan on which it 
rests; then the force on the mass M v considered as a separate body, 
is 3/gj - P. Also its acceleration is /. 

JJcnce Mrf-P=3U l f, 

••• 

_2Jf,(*/+.V s ) 


81 . Three inches of rain fall in a certain district in 
12 hours. Assuming that the drops fall freely from a height 
of a quarter of a mile . , find the pressure on the ground per 
square mile of the district due to the rain during the storm , 
the imiss of a cubic fool of water being 1000 ounces. 

The amount of rain that falls on a square foot during 
the storm is £ of a cubic foot, and its mass is 250 ounces. 
Hence the mass that falls per second 

250 1 iu , . 

* 16 " 12.60.60- 144 X 96 lb8 -P er8< l- foOt - 
The velocity of each raindrop on touching the ground is 
s]2 fgx 440 x 3, or 16 a/330 it, per second. 
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Therefore the momentum that is destroyed per second is 

5 5 /330 

— rr;: x 16 J330, or units of momentum. 

144 x 96 864 

But the number of units of momentum destroyed per 
second is equal to the number of poundals in the acting 
force (Art. 61). 

Hence the pressure on the ground per square foot 

- 864 p0Undak 

Hence the pressuro per square mile 

= weight of 9 x 4840 x 640 x lbi 

62 x 804 

= weight of 41 tons approximately. 

In general, if a jet of water hit a wall, the pressure on 
the wall per square foot is mv 2 poundals, where v is the 
velocity in feet per second and m 
is the mass of a cubic foot of water 
in lbs. For a mass mv hits the 
square foot in each second, and the 
velocity of each particle of the water 
is v , so that the total momentum 
destroyed per second = mv xv~ mv 1 . 

82 . Atwood's Machine. 

This machine is used to verify the 
laws of motion and to obtain a 
rough value for g. In its simplest 
form it consists of a vertical pillar 
AB firmly clamped to the ground, 
and carrying at its top a light 
pulley which will move very freely. 

This pillar is graduated and carries 
two platforms, D and F 9 and a 
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ring E, all of which can be affixed by screws at any height 
desired. The platform D can also bo instantaneously 
dropped. Over the pulley passes a fine cord supporting 
at its ends two long thin equal weights, one of which, P, 
can freely pass through the ring E . Another small weight 
Q, called a rider, is provided, which can be laid upon the 
weight P, but which cannot pass through the ring E . 

The weight Q is laid upon P and the platform D is 
dropped and motion ensues ; the weight Q is left behind 
as the weight P passes through the ring; the weight P 
then traverses the distance EF with constant velocity, and 
the time T which it takes to describe this distance is care- 
fully measured. 

By Art. 7 1 the acceleration of tho system as the weight 
falls from D to E is 

((2L+P)-P . Q 

(Q + P) + P' J ' % ' 6 ' Q + 2P 0 ' 

Denote this by f and let DE - h. 

Then the velocity v on arriving at E is given by 
v 2 = 2/A. 

After passing E, tho distance EF is described with 
constant velocity v. 

Hence, if EF h u we have 

tJi i = — l,. 

v \!'±fh 

. I 2 ^ 7 y»s 

hl '~'Q+2P ghl - 

Since all the quantities involved can be measured, this 
relation gives us the value of g. 

By giving different values to P, Q y h and h Xi we can 
in this manner verify all the fundamental laws of motion* 
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A man, whose mass is 8 stone, Stands on a lift which moves 
a uniform acceleration of 12 ft. -sec. units ; find the reaction of 
the floor when the lift is (1) ascending, (2) descending. 

bucket containing 1 cwt. of coal is drawn up the shaft of a 
MEfarft, and the reaction between the coal and the bottom of the 
bucKet is equal to the weight of 126 lbs. Find the acceleration of the 
bucket. 

*157 A balloon ascends with a uniformly accelerated velocity, so 
thaT a mass of 1 cwt. produces on the floor of tho balloon the same 
thrust which 116 lbs. would produce oil the earth’s surface; find tho 
height which the balloon will have attained in one minute from the 
time of starting. 

I'fjOv -^ w0 scale-puns, each of mass 30 gi amines, are suspended by a 
'VwKgntless string passing over a smooth pulley ; a mass of 300 grammes 
is placed in the one, and 210 grammes in the other. Find the tension 
of }he string and the reactions of the scale-pans. 

string, passing over a smooth pulley, supports two scale- 
it its ends, the mass of each scale-pan being 1 ounce. If masses 
r of 2 and 4 ounces respectively be placed in tho scale-pans, find the 
acceleration of the system, the tension of the string, and the reactions 
between the masses and the scale-pans. 

/ 

w 8. On a certain day half an inch of rain fell in 3 hours ; assuming 
that the drops are indefinitely small and that tho terminal velocity 
was 10 feet per second, find the impulsive pressure in tons per square 
mile consequent on their being reduced to rest, assuming that the 
mass of a cubic foot of water is 1000 ounces and that the rain was 
u inform and continuous. 

9. Find the pressure in lbs. wt. per acre due to tho impact of a 
fall of ruin of 3 inches in 24 hours, supposing the rain to have a 
velocity due to falling freely through 400 feet. 

10. A jet of water is projected against a wall so that 300 gallons 
strike the wall per second with a horizontal velocity of 80 feet per 
second. Assuming that a gallon contains 277 \ cubic inches and that 
the mass of a cubic foot of water is 1000 ounces, find the reaction of 
the wall in pounds’ weight. 

rar 11, The two masses in an Atwood’s machine are each 240 grammes, 
%,nd an additional mass of 10 grammes being placed on one of them 
it is observed to descend through 10 metres in 10 seconds; hence 
shew that 0=980. 

12. Explain how to use Atwood’s machine to shew that a body 
acted on by a constant force moves with constant acceleration. 
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13. Sixteen balls of equal mass are strung like beads on a string ; 
some are placed on a smooth inclined plane of inclination sin -1 and 
the rest hang over the top of the piano; how have the balls been 

arranged if the acceleration at first bo ^ ? 

14. Two bodies, of masses P and Q , are connected by a stretched 
Btring; P hangs vertically and Q is placed on a smooth plane inclined 
at 30° to the horizon, the string passing over the top of the plane ; if 
P descend from rest through a given distance in 4 times the time in 
which it would fall freely from rest through the same distance, find 
the ratio of P to Q. 

15. P hangs vertically and is 9 lbs. ; Q is a mass of 6 lbs. on a 
smooth piano whose inclination to the horizon is 30° ; shew that P 
will drag Q up the whole length of the plane in half the time that Q 
hanging vertically would take to draw P up the plane. 

16. If the height of an inclined plane bo 12 feet and the base. 
16 feet, find how far a particle will move on a horizontal plane after 
sliding from rest down the length of the inclined plane, supposing it 
to pass from one plane to the other without loss of velocity, and that 
the coefficient of friction for each plane is 

17. Show that a train going at the rate of 30 miles per hour will 
be brought to rest in about 84 yards by continuous brakes, if they 
press on the wheels with a force equal to three-quarters of the weight 
of the train, the coefficient of friction being -16. 

18. A train of mass 50 tons is moving on a level at the rate of 
30 miles per hour when the steam is shut off, and the brake being 
applied to the brake-van the train is stopped in a quarter of a mile. 
Find the mass of the brake-van, taking the coefficient of friction 
between the wheels and rails to be one-sixth, and supposing the un- 
locked wheels to roll without sliding. 

19. A mass m is drawn up a smooth inclined piano, of height h 
and length l , by means of a string passing over the vertex of the plane, 
from the other end of which hangs a mass m'. Shew that, in order 
that m may just reach the top of the plane, w! must be detached after 
m has moved through a distance 

»i + vi' lil 

~~m r 'h+i' 

20. Two masses are connected by a string passing over a small 
pulley ; shew that, if the sum of the masses be constant, the tension 
of the string is greater, the less the acceleration. 

21. A mass hanging at the end of a string, draws a mass 
along the surface of a smooth table ; if the mass on the table be 
doubled the tension of the string is increased by one-half; find the 
ratio of m t to tn,. 
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22. Two bodies, o£ masses 9 and 16 lbs. respectively, are placed 
on a smooth horizontal table at a distance of 10 feet; if they were 
now to attract each other with a constant force equal to 1 lb. wt. at all 
distances, find after what time they would meet. 

23. In the case of a single movable pulley the free end of 
the string passes round a fixed pulley and supports a weight P greater 
than iTF, where W is the weight suspended from the movable pulley. 
Find the tension of the string during the ensuing motion, the three 
parts into which it is divided by the pulleys being parallel. 

24. A mass m will just support a mass J/ in a system of 
two pulleys in which each string is attached to AT, the strings being 
parallel. A mass in is now attached to M ; find the subsequent 
motion, neglecting the weights of the pulleys. 

25. A system of three niowLble pulleys, in which all the strings 
are vertical and attached to the beam, is employed to raise a body, of 
mass 1 cwt., by means of one of mass 15 lbs. attached to a string 
passing over a smooth fixed pulley. Shew that the body will rise with 

acceleration , the masses of tlic pulleys being neglected. 

26. A string, with masses m and in' at its ends, passes over three 
fixed and under two movable pulleys, each of mass M, hanging down 
between the fixed pulleys, the parts of the string between the pulleys 
being vertical. Find the condition that the movablo pulleys should 
neither rise nor fall, and in this case determine the acceleration of 
m and m\ 

27. A rope hangs down over a smooth pulley, and a man of 
12 stone lets hiirtself down the portion of rope on one side of the 
pulley with unit acceleration. Find with wliat uniform accelera- 
tion a man of 11.} stone must pull himself up by the other portion of 
the rope so that the rope may remain at rest. 

28. A man, of mass 12 stone, and a sack, of mass 10 stone, are 
suspended over a smooth pulley by a rope of negligible weight. If 
the man pull himself up the rope so as to diminish what would be his 
acceleration by one-lmlf, find the upward acceleration of the sack in 
this case, and shew that the acceleration upwards of the man relative 

to the rope is “ . 

29. A train, whose mass is 212 tons, is travelling at the uniform 
rate of 25 miles per hour on a level track, and the resistance due to 
air, friction, etc. is 16 lbs. per ton. Part of the train, of mass 12 tons, 
becomes detached. Assuming that the force exerted by the engine is 
the same throughout, find how muoh the train will have gained on 
the detached part after 50 seconds and the velocity of the train when 
the detached part comes to rest. 
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30 . Tv* o particles, of musses m and 2///, lie together on a smooth 
horizontal table. A string which joins them hangs over the edge and 
supports a pulley carrying a mass 3/a; prove that the acceleration of 

the latter mass is ^ . 

31 . A smooth wed<p •, of units J\[, is placed on a horizontal plane, 
and a particle, of mats m, slides down its slant fare, which is inclined 
at an angle a to the horizon ; pnwe, that the. acceleration of the wedge 

mg sin a cos a 

i.s ‘ . 

M | m sin- a 

(Let. /j he the acceleration of the particle in a direction perpen- 
dicular to, and towanls, the slant face; j\, the horizontal acceleration 
ot the wedge ; and R the normal reaction between the particle and 
the slant face, so that 11 aids in one direction on the particle and in 
the opposite direction on tin' wedge. Then 

?///] ~ mt) cos a - R (1), 

and Mf, = H sin a (2). 

Also, since the particle remains in contact \s'tli the slant face, the 
acceleration f l must he the same .as the acci leiation of the wedge 
resolved in a direction perpendicular to the slant face. 

/, — / 2 sin a ... .. (3). 

Solsing (J), (2), and (3), we ha\e / 3 . ] 


.U D. 


i 



CHAPTER VI. 

IMPULSE, WORK, AND ENERGY. 

84. Impulse. Def. The impulse of a force in a 
given time is equal to the product of the force {if constant , 
and the mean value of the force if variable) and the time 
during which it acts. 

The impulse of a force P acting for a time t is therefore 
P.t. 

The impulse of a force is also equal to the momentum 
generated by the force in the given time. For suppose a 
particle, of mass m, moving initially with velocity u is 
acted on by a constant force P for time t. If f be the 
resulting acceleration, we have P = mf 

But, if v be the velocity of the particle at the end of 
time t, we have v = u+ ft. 

Hence the impulse ~Pt = mft = mv - mu 

= the momentum generated in the given time. 

The same result is also true if the force be variable. 

Hence it follows that the second law of motion might 
have been enunciated in the following form ; 

The change of momentum of a particle in a 
given time is equal to the impulse of the force 
which produces it and is in the same direction. 
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85. Impulsive Forces. Suppose we have a force 
P acting for a time r on a body whose mass is and let 
the velocities of the mass at the beginning and end of this 
time be u and v . Then by the last article 
Pr — m(v — u). 

Let now the force become bigger and bigger, and the time 
r smaller and smaller. Then ultimately P will bo almost 
infinitely big and r almost infinitely small, and yet their 
product may be finite. For examplo P may be equal to 

10 7 poundals, r equal to seconds, and m equal to one 

pound, in which case the change of velocity produced is 
the unit of velocity. 

To find the whole effect of a finite force acting for a 
finite time we have to find two things, (1) the change in 
the velocity of the particle produced by the force during 
the time it acts, and (2) the change in the position of 
the particle during this time. Now in the case of an 
infinitely large force acting for an infinitely short time, 
the body moves only a very short distance whilst the force 
is acting, so that this change of position of the particle 
may be neglected. Hence the total effect of such a force 
is known when wo know the change of momentum which 
it produces. 

Such a force is called an impulsive force. Hence 

Def. An impulsive force is a very great force acting 
for a very short time , so that the change in the position of 
the particle during the time the force acts on it may he 
neglected Its whole effect is measured by its impulse , or 
the change of momentum produced. 

In actual practice we never have any experience of on 
infinitely great force acting for an infinitely short time. 

4—2 
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Approximate examples are, however, the blow of a hammer, 
and the collision of two billiard balls. 

The above will be true even if the force be not uniform. 
In the ordinary case of the collision of two billiard bails 
the force generally varies very considerably. 

Ex. 1. A body, whose mass is 9 lbs., is acted on by a force which 
changes its velocity from 20 miles per hour to HO miles per hour. I’ind 
the impulse of the force. S 

Ajis. 132 units of impulse. 

Ex. 2. A mass of 2 lbs. at rest is struck and starts off with a 
velocity of 10 feet per second ; assuming the time during which the 
blow lasts to be one-hundredth of a second, find the average value of 
the force acting on the mass. 

Atis. 2000 poundals. 

Ex. 3 . A glass marble, whose mass is 1 ounce, falls from a height 
of 25 feet, and rebounds to a height of 16 feet ; find the impulse, and 
the average force between the marble and the floor if the time during 
which they are in contact be one-tenth of a second. 

Ans. 4 1 units of impulse ; 47 poundals. 

86. Impact of two bodies. When two masses A 
and B impinge, then, by the third law of motion, the 
action of A on B is, at each instant during which they are 
in contact, equal and opposite to that of B on A. 

Hence the impulse of the action of A on B is equal and 
opposite to the impulse of the action of B on A. 

It follows that the change in the momentum of B is 
equal and opposite to the change in the momentum of A, 
and therefore the sum of these changes, measured in the 
same direction, is zero. 

Hence the sum of the momenta of the two masses, 
measured in the same direction, is unaltered by their 
impact. 
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Ex. 1. yl of man 3 Z&$., moving u ith velocity 13 /trfc per 
second overtake ? a body , of man 2 Z/j.s . , moving with velocity 3 /rri per 
second in the same straight line , <yn<Z they coalesce and form one body; 
find the velocity of this single body , 

Let Kbc the required velocity. Then, since the sum of the momenta 
of the two bodies is unaltered by the impact, we have 

(3 -I- 2) V= 3 x 13 + 2 x 3 = 45 units of momentum, 

/. T r = 9 ft. per sec. 

Ex. 2. If in the last example the second body be moving in the 
direction opposite to that of the first , find the resulting velocity. 

In this case the momentum of the first body is represented by 3 x 13 
and that of the second by -2x3. Hence, if V l be the required 
velocity, we have 

(3 + 2) Fj=3 x 13 - 2 x 3 = 33 units of momentum. 

Vp* -6j ft. per sec. 

87. Motion of a shot and gun. When a gun is 
fired, the powder is almost instantaneously converted into 
a gas at a very high pressure, which by its expansion 
forces the shot out. The action of the gas is similar to 
that of a compressed spring trying to recover its natural 
position. The force exerted on the shot forwards is, at any 
instant before the shot leaves the gun, equal and opposite 
to that exerted on the gun backwards, and therefore the 
impulse of this force on the shot is equal and opposite to 
the impulse of the force on the gun. Hence the momen- 
tum generated in the shot is equal and opposite to that 
generated in the gun, if the latter be free to move. 

Ex. A shot , whose mass is 400 lbs., is projected from a gun , of mass 
50 tons, with a velocity of 900 feet per second ; find the resulting velo- 
city of the gun . 

Since the momentum of the gun is equal and opposite to that of 
the shot we have, if v be the velocity communicated to the gun, 

50 x 2240 xr =400 x 900. 

0=3^ ft. per see. 
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A body, of mass 7 lbs., moving with a velocity of 10 feet per 
ond, overtakes a body, of mass 20 lbs., moving with a velocity of 
2 feet per second in the same direction as the first ; if after the impact 
they move forward with a common velocity, find its magnitude. 

A body, of mass 8 lbs., moving with a velocity of 6 feet per 
tfnd overtakes a body, of mass 24 lbs., moving with a velocity of 
2 feet per second in the same direction as the firs'. ; if after the impact 
they coalesce into one body, shew that the velocity of the compound 
body is 3 feet per second. 

If they were moving in opposite directions, shew that after impact 
the impound body is at rest. 

. A body, of mass 10 lbs. , moving with velocity 4 feet per second 

}l£eets a body, of mass 12 lbs., moving in the opposite direction with a 
velocity of 7 feet per second ; if they coalesce into one body, shew that 
it will have a velocity of 2 feet per second in the direction in which the 
larger body was originally moving. ■ 

A shot, of mass 1 ounce, is projected with a velocity of 1000 feet 

^ ^second from a gun of mass lOJbs. ; find the velocity with which 
'the latter begins to recoil. 

‘ A shot of 800 lbs. is projected from a 40-ton gun with a velocity 
Z000 feet per second ; find the velocity with which the gun would 
nence to recoil,' if free to move in the line of projection. 

A shot, of mass 700 lbs. , is fired with a velocity of 1700 feet per 
ond from a gun of mass 38 tons; if the recoil be resisted by a 
constant force equal to the weight of 17 tons, through how many ' 
fee^will the gun recoil? v 

A shot, whose mass is 800 lbs., is discharged from an 81-ton 

r with a velocity of 1400 feet per second ; find the constant force ' 

tfrpich acting on the gun would stop it after a recoil of 5 feet. 

A gun, of mass 1 ton, fires a shot of mass 28 lbs. and recoils 
up6fmooth inclined plane, rising to a height of 5 feet; find the initial 
velocity of the projectile. 


88. Work. We have pointed out in Statics, Chapter 
xi, that a force is said to do work when it moves its 
point of application in the direction of the force. The 
work is measured by the product of the force and the 
distance through which the point of application is moved 



IMPULSE , WORE , ENERGY 


103 


in the direction of the force. Tho unit of work used by 
engineers is a Foot-Pound, which is the work done in 
raising tho weight of one pound through one foot. 

Tho British absolute unit of work is the work done 
by a poundal in moving its point of application through 
one foot. 

This unit of work is called a Foot-Pound&l. 

With this unit of work the work done by a force of P 
poundals in moving its point of application through s feet 
is P . s foot-poundals. 

Since tho weight of a pound is equal to ^-poundals, it 
follows that a Foot-Pound: is equal to g Foot-Poundals. 


The c.«.s. unit of work is that done by a dyne in moving its point 
of application through a centimetre, and is called an Srg. 

V A Foot-Poundal Poundal x Foot . _ _ „ 12 . 

AnTErg = Dyne x Centime tre ^ 13800 * .3937 ^ 

[Arts. 66 and 3] 


= 421390 approx. 

When an agent is performing 1 Joule, i.e. 10 7 Ergs, per second it 
is said to be working with a power of 1 Watt. One Horse-Power is 
equivalent to about 746 Watts. 


89. Sx. 1 . What is the H.P. of an engine which can just keep a 
train , of mass 150 tons , moving at a uniform rate of GO miles per hour , 
the resistances to the motion due to friction, the resistance of the air , 
etc. being taken at 10 lbs. weight per ton ? 

The force to stop the train is equal to the weight of 150 x 10, i.e. 
1500, lbs. weight. 

Now 60 miles per hour is equal to 88 feet per seoond. 

Hence a force, equal to 1500 -lbs. wt., has its point of application 
moved through 88 feet in a second, and hence the work done is 
1500 x 88 foot-pounds per second. 

If x be the h.p. of the engine, the work it does per minute is 
x x 33000 foot-lbs., and hence the work per second is x x 550 foot-lbs. 

/. x x 550=1500 x 88. 

.*. £=240. 


Bx. 8. Find the least H.P . of an engine which is able in 4 minutes 
to in a train , of mass 100 tons , a velocity of 80 miles per hour 

o»W line , the resistances due to friction, etc . being equal to 8 lbs. 
weight per ton , and the pull of the engine being assumed constant . 
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Since in 240 seconds a velocity of 44 feet per second is generated 

44 11 

the acceleration of the train must be - x or - foot-second units. 

240 60 

Let the force exerted by the engine be P poundals. 

Tho resistance due to friction is equal to 800 pounds’ weight; 
hence tho total force on tho train is P- 800// poundals. 


.Hence 


P -8000 = 100 x 2240 x 


11 
60 ’ 


P=H00^g | poundals =800^1 + lbs. weight 

1QK 

— 800 x — lbs. weight. 

When the train is moving at the rate of 30 miles per hour, the 

125 

work done per second must be 800 x x 44 foot-lbs. 

48 

Hence, if x be the h.i*. of the engine , we have 

X x 550=800 44. 

48 

.*. *=166§. 


Ex. 3. A train , of mass 100 tons, is ascending uniformly an incline 
of 1 in 280, and the resistance due to friction, etc . is equal to 16 lint, per 
ton ; if the engine he of 200 H.P. and be working at full power, find the 
rate at wldch the train is going . 


The resistance due to friction , etc. is equal to the weight of 1600 lbs. , 
and the resolved part of the weight of the train down the incline is 
equal to the weight of Trp- of 100 tons, or to the weight of 800Jbs., 
so that the total force to - impede the motion is equal to the weight of 
2400 lbs. ^ 

Let v bo the velocity of the train in feet per second. Then the 
work done by the engine is that done in dragging a force equal to 
the weight of 2400 lbs. through v feet per second, and is equivalent to 
2400v foot-pounds per second. 

But the total work which the engine can do is or 

ou 

110,000 foot-pounds per second. 

Hence 2400t>= 110000, 


or 


1100 

V= 24 


and hence the velocity of the train is 81 J miles per hour. 
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EXAMPLES. XIV. 


A train, of mass 50 tons, is kept moving at the uniform rate 
v fef 30 miles per hour on the level, the resistance of air, friction, etc., 
be)ng 40 lbs. weight per ton. Find the h.p. of t.hc engine. 

J jfc.' What is the horse-power of an engine which keeps a train 
gpmg at the rate of 40 miles per hour against a resistance equal 
to 2000 lbs. weight? 

A train, of mass 100 tons, travels at 40 miles per hour up an , 
of 1 in 200. Find the h.p. of the engine that will draw the 
^ train, neglecting all resistances except that of gravity. 

fiv/C A train of mass 200 tons, including the engine, is drawn 
" tip hfi incline of 3 in 500 at the rate of 40 miles per hour by an engine 
of 600 H.r.; find the resistance per ton due to friction, etc. 

'■ Find the h.p. of an engine which can travel at the rate of 
•25 miles per hour up an incline of 1 in 100, the mass of the engine 
and load being 10 tons, and the resistances due to friction, etc. being 
10 lbs. weight per ton. 

6. Determine the rate in H.r. at which an engine must be able to 
work in order to generate a velocity of 20 miles per hour on the level 
in a train of mass 60 tons in 3 minutes after starting, the resistances 
to the motion being taken at 10 lbs. per ton, ana the acceleration 
being supposed to be constant. 

uX 7. A weight of 10 tons is dragged in half-an-hour through a 
length of 330 feet up a rough plane inclined at an angle of 30° to the 

horizon; the coefficient of friction being ^ , find the work expended, 

and the h.p. of an engine by whichitwill be done. 

8. Find the work done by gravity on a stone having a mass of 
lb. during the tenth second of its fall from rest. 

9. A steamer, with engines of 25000 h.p., can be just kepi 

at the rate of 20 miles per hour. What is the resistance of the J 
to its motion? * 


90. Energy. Def. The Energy of a body is its 
capacity for doing work and is of two kinds. Kinetic and 
Potential, 


The Kinetic Energy of a body is the energy which it 
possesses by virtue of its motion , and is measured by the 
amount of work that the body can perform against the im- 
pressed forces before its velocity is 
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A falling body, a swinging pendulum, a revolving fly- 
wheel, and a cannon-ball in motion all possess kinetic 
energy. 

Consider the case of a particle, of mass m, moving with 
velocity u , and let us find the work done by it # before it 
comes to rest. 

Suppose it brought to rest by a constant force P re- 
sisting its motion, which produces in it an acceleration - f 
given by P=mf. 

Let x be the space described by the particle before ifc 
comes to rest, so that 0 = w 2 + 2 ( — f).x; 

;.fx = \u\ 

Hence the kinetic energy of the particle 

= work done by it before it comes to rest 
= Px = mfx ~ l mu 2 . 

lienee the kinetic energy of a •particle is equal to the product 
of its mass and one half the square of its velocity . 

91. Theorem. To shew that the change of kinetic 
energy per unit of space is equal to the acting force . 

If a force P f acting on a particle of mass m, change its 
velocity from u to v in time t whilst the particle moves 
through a space s , we have v 2 — u 2 = 2fs, where f is the 
acceleration produced. 

. \mv 2 — \mvir 
s 

This equation proves the proposition when the force is 
constant. 

When the force is variable, the same proof will hold 
if we take t so small that the force P does not sensibly 
alter during that interval 


= mf -l‘ (1). 
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Cor. It follows from equation (1) that the change in 
the kinetic energy of a particle is equal to the work done 
on it. 

On multiplying the first and third relations of Art. 32 
by m, we ljave 

m (y-u) — mjl = Pt , 

and lm (v 2 — vr) ~ info — Ps. 

These are often known iis the Momentum and Energy 
Equations respectively. Expressed in words, they state that 
Change of Momentum = Force x Time, 
and Change of Kinetic Energy = Force x Space. 

92. The Potential Energy of a body is the work it 
can do by means of its position in passing from its present 
configuration to some standard configuration ( usually called 
its zero position). 

A bent spring has potential energy [as in the case of a 
watch-spring which, by its uncoiling, keeps a watch going], 
viz . the work it can do in recovering its natural shape. 

A body raised to a height above the ground \e.g . a clock- 
weight, when the clock is wound up, a stone at the edge of 
a precipice, or water stored up in a reservoir] has potential 
energy, viz. the work its weight can do as it falls to the 
earth’s surface, which is usually taken as the zero of 
potential energy. Compressed air has potential energy, 
viz. the work it can do in expanding to the volume it would 
occupy in the atmosphere. 

93. A particle of mass m falls from rest at a height h 
above the ground; to shew that the sum of its potential and 
kinetic energies is constant throughout the motion. 

Let H be the point from which the particle starts, and 
0 the point where it reaches the ground 
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Let v be its velocity when it has fallen through a 
distance 11 P ( - x), so that v 2 = 2gx. 

Its kinetic energy at V — J mv 1 — mgx 

Also its potential energy at P 

-- tlie work its weight can do as it falls from P to 0 
- mg . OP - mg ( h — x). 

Hence the sum of its kinetic and potential energies at P 
- mgli. 

But its potential energy when at II is m gh f and its kinetic 
energy there is zero. 

Hence the sum of the potential and kinetic energies is 
the same at P as at II ; and, since P is any point, it follows 
that the sum of these two quantities is the same throughout 
the motion. 

As the particle falls to the ground it will be noted that 
the potential energy which it lias when at its highest point 
(and which was stored up in it as it was lifted into that 
position) becomes transformed into kinetic energy, and this 
goes on continually until the particle reaches the ground, 
when its store of potential energy becomes exhausted. 

In the case of a pendulum the potential energy which 
the bob possesses, when instantaneously at rest in its 
highest position, becomes converted into kinetic energy as 
the bob swings down to its lowest position, and is re- 
converted into potential energy as the bob travels to its 
next position of instantaneous rest at the end of its swing. 

94 . The example of the previous article is an ex- 
tremely simple illustration of the principle of the Conser- 
vation of Energy, which may be stated as follows : 

If a body or system, of bodies be in motion under a con- 
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servative system of forces, the mm of its kinetic and potential 
energies is constant. 

Forces , of the kind which occur in the material universe, 
are said to be conservative when they depend on the position 
or configuration only- of the system of bodies, and not on the 
velocity err direction of motion of the bodies. 

Thus from a conservative system arc excluded forces 
of the nature of friction, or forces such as the resistance of 
the air which varies as some power of the velocity of the 
body. Friction is excluded because, if the direction of 
motion of the body be reversed, the direction of the friction 
is reversed also. 

When the forces arc conservative, it is found that the 
amount of work required to bring a system from one con- 
figuration to another is always the same, and does not 
depend on the path pursued by the system during the 
alteration of its configuration. 

Inferring to the case of a particle sliding down a rough 
plane of length l (Art. 77), we see that the kinetic energy 
of the particle on reaching tho ground is 

b?i \2gl (sin a — p cos a)], i.e., mgl sin a — mglp cos a. 

Also the potential energy there is zero, so that the sum 
of the kinetic and potential energies at the foot of the 
plane is 

mgl sin a — pmgl cos a. 

But the potential energy of the particle when at the top 
of the plane is mg . I sin a, so that the total loss of visible 
mechanical energy of the particle in sliding from the 
top to the bottom of the inclined plane is ymgl cos a. 
This energy has been transformed and appears chiefly in 
the form of heat, partly in the moving body, and partly in 
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the plane ; it is ultimately dissipated into the surrounding 
air. 


Other cases of loss of kinetic energy occur in the examples of 
Art. 86. 

In each case the kinetic energy before impact 

= ^ . 3 x 13 2 + * . 2 x 3 2 = = foot-poundals. 

In Ex. 1, the kinetic energy after impact 

= J . 5 . 9 2 = = 202 J foot-poundals. 

a J 


In Ex. 2, the kinetic energy after impact 

: = ~= 108-9 foot-poundals. 


=|.5x| 


Hence in the two cases 60 and 153-6 foot-poundals of kinetic 
energy respectively arc lost. 

#a. Bs. l. A bullet , of mas* 4 ozs ., is fired into a target with a 
velocity of 1200 feet per second. The mass of the target is 20 lbs . and 
it is free to move; find the loss of kinetic energy in foot-pound *. 

Let V be the resulting common velocity of the shot and target. 
Since no momentum is lost (Art. 86) wo have^ ' 

4 


( w+ ro)’ > - 


v= 


16 

400 

'27' 


x 1200. 


1 4 

The original kinetic energy = ~ . — . 1200 2 = 180000 foot-poundals. 
The final kinetic energy =* ^20+ V 2 * 


20000 

9 


The energy lost = 180000 - 


foot-poundals. 
20000 1600000 


9 

50000 


“ 9 

ft. -lbs. 


foot-poundals 


It will be noted that, in this case, although no momentum is lost 
by the impact, yet f J tbs of the energy is transformed. 

It will be found that, in all cases of impact, kinetic energy is lost 
or rather transformed. 
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fix. 2 . Compare the kinetic energies of the shot and gun in the 
example of Art. 87. 

The kinetic energy of the shot= \ . 400 x (900) 1 foot-poundals 


200 x 900 2 
32 


ft. -lbs. = 


2 00 x 90 0 a 
32x2240 


ft.-tons 


= 2260 ft.-tons nearly. 

The kinetic energy of the gun 

=|.50x2240x ft.-poundals 
25 /45\ 2 

=^2 x iii) ^-’ ton s=8’07 ft.-tons nearly. 

The kinetic energy of the shot is thus 280 times that of the gun, 
'although their momenta are equal. 

It is tc this great superiority in kinetic energy of the shot that its 
destructive power is due. 


96. When we take into account the energy which has 
been transformed into heat, sound, light and other forms 
which modem Physics recognizes as forms of energy , we 
find that there is no real loss of energy in an isolated 
system which is left to itself. This doctrine of the 
indestructibility of energy is the central Principle of 
Modem Science. It may be expressed thus; 

Energy cannot he created nor can it he destroyed, hut it 
may he transformed into any of the forms which it can take . 

As a numerical illustration, it may be stated that 
778 foot-pounds of work is equivalent to the heat necessary 
to raise the temperature of 1 lb. of water by 1° Fahrenheit, 
i.e. 77 8 foot-pounds is the mechanical equivalent of 
heat. 


EXAMPLES. XV. 


A body, of mass 10 lbs., is thrown up vertically with a velocity 
_ $2 feet per second; what is its kinetic energy (1) at the moment of 
propulsion, (2) after half a second, (8) after one second? 


Find the kinetic energy measured In foot-pounds of a oannon- 
JFof mass 25 pounds discharged with a #bcit y of 200 feet per 
second. * 
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Exs. XV 


Find the kinetic energy in ergs of a cannon-ball of 10000 
tnmes discharged with a velocity of 5000 centimetres per second. 


A cannon-ball, of mass 5000 grammes, is discharged with a 
ifcy of 500 metres per second. Find its kinetic energy in ergs, 
and, if the cannon be free to move, and havo a mass of 100 kilo- 
grammes, find the energy of the recoil. 


.'A bullet, of mass 2 ounces, is fired into a target with a velocity 
jyjIliBO feet j)cr second. The mass of the target is 10 lbs. and it is 
r/rcc to move; find the lops of kinetic energy by the impact in foot- 
-pounds. ° f 

i/ Compare (1) the momenta, and (2) the kinetic energies of a 
^.pjtof mass 4 ozs. and moving with atrocity of 1200 feet per 
^second, and a cannon-ball of mass 15 lbs. moving with a velocity of 
40 feet per second. 

♦ Find the uniform forces that would bring each to rest in one 
second and the distance through which each would move. 


07 - As n further illustration of the use of the Principles of 
Momentary and Energy, consider the following examples. 

'J/ Ex. 1. S of mans ]\I lbs. y falls from a height of h feet 
upon the top ofa^pUfi of mass m lbs., and drives it into the ground a 
distance a feet ; jina>the resistance of the ground , it being assumed to 
be constant and the pile being supposed inelastic. 

Find also the time during which the pile is in motion , and the kinetic 
energy lost at the impact. 

Let u be the velocity of the hammer on hitting the pile, so that 
u 2 ~2gh (1). 

Let v be the velocity of the hammer and pile immediately after the 
Impact. Then the principle of Conservation of Momentum gives 

(ill -1- m) v = Mu (2). 

If P be the resistance of the ground in poundals, tho force to resist 
the driving of the pile into the ground = P - (3/ + m) g. 

The Principle of the Conservation of Energy gives 
A (M + m) v 2 - [P - (M -f m) g].a. 

P=(M+ m) g + (M + m) ~ 

-(««,), + jg- £. b, (2), 

A weight of slightly more than • - lbs. placed on the pile 
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would thus slowly overcome the resistance and just drive the pile 
down. 


The principle of Momentum gives the time t during which the pilo 
is in motion. For 

[P - (M +m)g] x t — chan ge in the inomen turn _ * 

= (iU + 7») Vz=]\ [u, 

M 2 u 2 

so tlmt tx T# -- z -=Mu, 

if/ + m 2a 

, M+m 2 a M-\-m /‘2 

and t= , r — . — = .j — a \/ - r . 

M u M V gh 

The kinetic energj^^t at the impact 

JW- }. (31 Hitfo* 

= };31u°--l J l - v- 
- M + m , ■ 

i Mm „ 

= T,- ~ U 1 

“ M + in 


VI 

= i \f+ln X 011 G1{ ^ ^ 1C hammer 0,1 striking the pile. 

The greater that M is compared with m, i.e. the greater is the mass 
of the hammer compared with that of the pile, the less is the fraction 
of the energy which is destroyed. 


Ex. 2. Motion of a bicycle. A cyclist , whose weight added to 
that of his machine is 200 lbs., is riding on a level road at the rate of 
10 miles an hour; his bicycle is geared up to 70 and the length of the 
cranks is 7 inches; if the resistance to his motion be 5 lbs. wt. find the 
downward thrust he must exert on his pedals and the rate at ivhich he 
ivorks compared with a Horse-Power. 

By saying that a bicycle is “geared up” to 70 inches, we mean 
that for every revolution of the rider’s feet his bicycle advances 
through a distance equal to the circumference of a wheel of diameter 
70 inches, i.e. he advances r . 70 inches. 

Let P be the downward thrust, supposed constant, in lbs. wt. 

Then in one complete revolution the work done= 2xi>xf*ft.-lbs. 

The work done againstthe resistance to the machine in this time 
= 7r.{S*x 5 ft.-lbs. 

Assuming that no work is lost on account of friction, in other 
words that the bicycle is a theoretically perfect one, we have by 
equating these works, 

2xPx|£ = jrx$jx5, 
i.e. P=-^pir=39i lbs. wt. nearly. 
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The work done by the man per hour =5 x (5280 x 10) foot-pounds. 

.*. work done per minute =5 x 88 x 10. 

, . . . 5 x 88 x 10 o 

rate of workings h.p. = h.p. 


If the cyclist were ascending an incline of 1 in 50 at the same rate t 
find the downward thrust. 

For each complete revolution of the pedals he goes forward v . 70 
inches, i.e. ft., and therefore lifts himself and the machine 

through a vertical distance of -J £ ft., and in so doing must 

perform an extra - 2 6 ^~ x it x ft.-lbs. of work. In this case we then 
have 


2xPxf5 = 7r.i5 


P= A>- tt — 70 } lbs." wt. nearly. 


EXAMPLES. XVI. 


1, A shot of mass m is fired from a gun of mass M with velocity u 
relative to the gun ; shew that the actual velocities of the shot and gun 

are an d vr— - respectively, and that their kinetic energies are 

M+m M+m , 

inversely proportional to their masses. 


2. A gun is mounted on a gun-carriage movable on a smooth 
Horizontal plane, and the gun is elevated at an angle a to the horizon ; 
a shot is fired and leaves the gun in a direction inclined at an angle 0 
to the horizon ; if the mass of the gun and its carriage be n times that 


of the^hot, show that tan 0= ( 1 + ^ j tan a. 


of the sJ 

A. 


^ V1 A mass of half a ton, moving with a velocity of 800 feet per 
second, strikes a fixed target and is brought to rest in a hundredth 
part of a second. Find the impulse of the blow on the target, and 
supposing the resistance to be uniform throughout the time taken to 
bring the body to rest, find the distance through which it penetrates. 


^ 4 . A- mass of 4 cwt. falls from a height of 10 feet upon an inelastic 
pile of mass 12 cwt. ; supposing the mean resistance of tho ground to 
penetration by the pile to be 1^ tons’ weight, determine the distance 
through which the pile is driven at each blow, and the time it takes to 

7 yel this distance. 

Find also what fraction of the energy is dissipated at each blow. 

5. A bullet, of mass 20 grammes, is shot horizontally from a rifle, 
the barrel of which is one metre long, with a velocity of 200 metres per 
second into a mass of 50 kilogrammes of wood floating on water. If 
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the bullet buries itself in tbe wood without making any splinters or 
causing it to rotate, find the velocity of the wood immediately after it 
is struck. 

Find also the average force in grammes* weight which is exerted on 
the bullet by the powder. 

'/q. A hammer, of mass 4 cwt., falls through 4 feet and comes to 
rest after striking a mass of iron, the duration of the blow being -g^th 
of a second; find the force, supposing it to be uniform, which is 
exerted by the hammer on the iron. 

/ 7. Masses m and 2 m are connected by n string passing over a 
Smooth pulley ; at the. end of 3 seconds a mass m is picked- up by 
the ascending body; find the resulting motion. 

8. Two equal masses, A and B, are connected by an inelastic 
thread, 3 feet long, and are lyhl close together on a smooth horizontal 
table 3^ feet from its nearest edge ; B is also connected by a stretched 
inelastic thread with an equal mass C hanging over the edge. Find 
the velocity of tho masses when A begins to move and also when B 
arrives^ at tbe edge of the table. 

Two masses of 5 and 7 lbs. respectively are connected by a 
string passing over a fixed smooth pulley; at the end of 3 seconds » 
the larger mass impinges on a fixed inelastio horizontal plane ; Bhew 
that the system will be instantaneously at rest at the end of 2-} seconds 


10. a string over a pulley supports a moss of 5 lbs. on one side 
and of 2 and 3 lbs. on the other, the lower mass 2 lbs. being distant 
1 foot from the other. The two-pound weight is suddenly raised to 
the same level as the other and kept from falling. Shew that tho 
string will become taut in half a second, and that the whole system 
will then move with a uniform velocity of 3*2 ft. per sec. 

Jl. Two eaual weights, P and Q, connected by a string passing 
ydver a smooth pulley, are moving with a common velocity, P descend- 
ing and Q ascending. If P be suddenly stopped, and instantly let drop 
again, find the time that elapses before the string is again tight. 

/ 18. A mass M after falling freely through a feet begins to raise a 
mass m greater than itself and connected with it by means of. an 
inextensible string passing over a fixed pulley. Shew that m will 
have returned to its original position at the end of time 

2M /2a 

w-AT V g * 

Find also what fraction of the visible energy of M is destroyed at 
the instant when m is jerked into motion. 
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13. A light inelastic string passes over a light frictionless pulley 
and has masses of 12 ozs. and 9 ozg. attached to its ends. On the 
9 oz. mass a bar of 7 ozs. is placed which is removed by a fixed ring 
after it has descended 7 feet from rest. How much further will the 
9 oz. mass descend? 

If whenever the 9 oz. mass passes up through the ring it carries 
the bar with it and whenever it passes down through the ring it leaves 
the bar behind, find the whole time that elapses before the system 
comes to rest. 

I 14. Two railway carriages are moving sido by side with different 
velocities ; what is the ultimate effect of the interchanging of passen- 
gers between the carriages ? 

J 15. A man of 12 stone ascends a mountain 11000 feet high in 
7 hours and the difficulties in his way are equivalent to carrying a 
weight of 3 stone; one of Watt’s horses could pull him up the same 
height without impediments in 56 minutes ; shew that the horse docs 
as much work as 6 such men in the same time. 

16. A blacksmith, wielding a 14-lb. sledge, strikes an iron bar 
25 times per minute, and brings the sledge to rest upon tire bar after 
each blow. If the velocity of the sledge on striking the iron bo 32 feet 
per second, compare the rate at which he is working with a horse- 
power. 

17. A steam hammer, of mass 20 tons, falls vertically through 
5 feet, being pressed downwards by steam pressure equal to tho weight 
of 30 tons; what velocity will it acquire, and liow many foot-pounds 
of work will it do before coming to rest? 

A train of 150 tons, moving with a velocity of 50 miles per 
mour, has its steam shut off and the brakes applied, and is stopped in 
363 yards. Supposing the resistance to its motion to be uniform, lind 
its value, and lind also the mechanical work done by it measured 
in foot-pounds. 

T9. A train, of mass 200 tons, is ascending an incline of 1 in 100 
Jat the rate of 30 miles per hour, the resistance of the rails being equal 
to the weight of 8 lbs. per ton. The steam being Bhut off, and tho 
brakes applied, the train is stopped in a quarter of a mile. Find the 
weight of the brake-van, the coefficient of sliding friction of iron on 
iron being 

J 20. If a bicyclist always works with yg- h.p. and goes 12 miles 
per hour on the level, shew that the resistance of the road is 
3-125 lbs. wt. 

If the mass of the machine and its rider be 12 stone, shew that 
up an incline of 1 in 50 the speed will be reduced to about 5*8 miles 
per hour. 
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/21. A. man can bicycle at the rate of 16i- miles per hour on a 
Smooth roAd. He exerts a down pressure, equal to 20 lbs. weight, 
with each foot during the down stroke, and the length of this stroke is 
12 inches. If the machine be geared up to 63, find the work he does 
per minute. 

22. A rifle bullet loses ^yth of its velocity in passing through a 
plank; iind how many suet uniform planks it would pass through 
before coming to rest, assuming the resistance of the planks to be 
uniform. 

23. A man sculling does E foot-pounds of work, usefully applied, 
at each stroke. If tho total resistance of the water when the boat is 
moving n miles per hour be It lbs. weight, find the number of strokes 
he must take per minute to maintain this speed. 

24. A bicycle is geared up to 70 inches; the rider works at 
iV n.i\ and makes 60 revolutions per minute with his feet. Neglecting 
friction, find the resistance tr his motion and the downward thrust on 
his pedals (supposed constant), if the length of the cranks be 
6f inches. 

25. The mass of a rider and his bicycle is 180 lbs. ; the machine 
is running freely down an incline of 1 in GO at a uniform rate 
of 8 miles per hour ; shew that to go at the same rate up an incline of 

1 in 100 he must work at the rate of *1024 h.i*. 

' 56. A horizontal jet delivers 200 pounds of water per minute with 
a velocity of 10 feet per second against a fixed vertical plate set at right 
angles to the direction of the jet. What quantity of momentum 
is destroyed per second and what is the force, in lbs. weight, on 
the plate? 

Find also the rate at which the jet is delivering energy and express 
it ill terms of a horse-power. 

" 27. A hammer, of mass 3 lbs., is used to drive a nail, of mass 

2 ozs., into a board, and the hammer when it strikes the nail has 
a velocity of 8 feet per second. If each blow drives the nail half an 
inch into tho board, find the resistance against which the nail moves, 
both nail and hammer being treated as inelastic. 

Motion of the centre of inertia of a system of 
particles. 

* 98 . Theorem. If the velocities at any instant of 
any number of masses m l , m 2 . . . parallel to any line fixed in 
space be u 19 u i9 u 3 ... 9 then the velocity parallel to that line of 
the centre of inertia of these masses at that instant is 

. + wir,^ + ... 

m x + ;>i 2 + . . . 
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At the instant under consideration let x Xi x. 29 #3... be 
the distances of the given masses measured along this fixed 
line from a fixed point in it, and let x be the distance of 
their centre of inertia. 

Then (Statics, Art. Ill), we have 
_ _ m 1 a; 1 + -'t* ... 

m x + + . . . 

Let as/, cr 2 '... be the corresponding distances of these 
masses at the end of a small time t, and x the corresponding 
distance of their centre of inertia. Then we have 

2Jj — ■ X x 

itflj ajg *f" Myt, 

x a '=x 3 + u 3 e, 


Also 


_ m x x^ + mtfCs + ... 

m 1 + 7n 2 +... 9 

. - m i ( x i - ®i) + »Wa i x 'l -*»)+••- 

a jp X 1 — ■ 

77^ + m 2 + ... 


m y u x t + m 2 u. 2 t + ... 
m x + m 2 + . . . 

But, if u he the velocity of the centre of inertia parallel 
to the fixed line, wo have x f = x + ut , 

. _ x — x __ m x u x + t» 2 ?/ 3 -f ... 
t m x + mc & + . . . 

Hence the velocity of the centre of inertia of a system of 
particles in any given direction is equal to the sum of the 
momenta of the particles in that direction, divided by the 
sum of the masses of the particles. 

Cor. If a system of particles be in motion in a plane, 
and their velocities and directions of motion are known, 
we can, by resolving these velocities parallel to two fixed 
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lines and applying the preceding proposition, find the 
motion of their centre of inertia. 

*99. Theorem. . If the accelerations at any instant 
of any number of masses % n 19 m 2 ..., parallel to any line fixed 
in space , be then the acceleration of the centre of 
inertia of these masses parallel to this line is 
rnyfy + 7 Wa/ 2 + — 
m x + 77^ + . . . 

The proof of this proposition is similar to that of the 
last article. We have only to change x ly u ]f a?/, u/ into 
?/, , J\ , u x , fiy and make, similar changes for the other 
particles. 


Bt. 1. Two masses m v , vl 2 ore connected by a light string as in 
Art. 74; find the acceleration of the centre of inertia of the system . 

<nfi — 771 

The acceleration of the mass is ~g vertically downwards, 

Wlj *t* Wj 

and that of m 2 is the same in the opposite direction. 


Here then/ 1 = - / 2 = — — — 0, bo that the acceleration of the centre 

wij *4" 


inertia=^A±!”^ = ( 

wij-MWo u 


Ex. 2. Two bodies, of masses m and 3m, are connected by a light 
string passing over a smooth pulley ; shew that during the ensuing 

motion the acceleration of their centre of inertia is j . 

4 


Ex. a. Find the velocity of the centre of inertia of two masses of 
0 and 4 lbs. which move in parallel lines with velocities of 3 and 8 feet 
respectively, (1) when they move in the same direction, (2) when they 
move in opposite directions. 

Ans. fl) 5 feet per second ; (2) if feet per second in the direction 
in which tne second body is moving. 

Bx. 4. Two masses, mn and m, start simultaneously from the 
intersection of two straight lines with velocities v and nv respectively; 
shew that the path of their centre of inertia is a straight line bisecting 
the angle between the two given straight lines. 

Bx. 6. Two masses move at a uniform rate along two straight 
lines which meet and are inclined at a given angle ; shew that their 
centre of inertia describes a straight line with uniform velocity. 



CHAPTER VII. 


PROJECTILES. 

100 . In the previous chapters we have considered only 
motion in straight lines. In the present chapter wo shall 
consider the motion of a particle projected into the air 
with any direction and velocity. We shall suppose the 
motion to be within such a moderate distance of the 
earth's surface, that the acceleration due to gravity may 
be considered to remain sensibly constant. We shall also 
neglect the resistance of the air, and consider the motion 
to be in vacuo ; for, firstly, the law of resistance of the air 
to the motion of a particle is not accurately known, and, 
secondly, even if this law were known, the discussion 
would require a much larger range of knowledge of pure 
mathematics than the reader of the present book is sup- 
posed to possess. 

Def. When a particle is projected into the air, the 
angle that the direction in which it is projected makes 
with the horizontal plane through the point of projection 
is called the angle of projection ; the path which the 
particle describes is called its trajectory; the distance 
between the point of projection and the point where the 
path meets any plane drawn through the point of pro- 
jection is its range on the plane ; and the time that elapses 
before it again meets the horizontal plane through the 
point of projection is called the time of flight. 
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101 . If the earth did not attract a particle to itself, 
the particle would, if projected into the air, describe a 
straight line ; on account of the attraction of the earth, 
however, the particle describes a curved line. This curve 
will be proved in Art. 113 to be always a parabola. 

Let P be the point of projection, n the velocity and 
a the angle of projection ; also let PAP be the path of the 
particle, A being the highest point, and P' the point where 
the path again meets the horizontal plane through P. 


A 



By the principle of the Physical Independence of 
Forces (Art. 71), the weight of the body only has effect 
on the motion of the body in the vertical direction; it 
therefore has no effect on the velocity of the body in the 
horizontal direction, and this horizontal velocity therefore 
remains unaltered. 

The horizontal and vertical components of tho initial 
velocity of the particle are u cos a and u sin a respectively. 

Tho horizontal velocity is, therefore, throughout the 
motion equal to u cos a. 

In the vertical direction the initial velocity is u sin a 
and the acceleration is -<7, [for the acceleration due to 
gravity is g vertically downwardly and we are measuring 



122 


DYNAMICS 


our positive direction upwards]. Hence the vertical motion 
is the same as that of a particle projected vertically up- 
wards with velocity u sin a, and moving with acceleration 
-U' 

The resultant motion of the particle is the same as that 
of a particle projected with a vertical velocity u sin a inside 
a vertical tube of small bore, whilst the tube moves in a 
horizontal direction with velocity u cos a. 

102 . To find the velocity and direction of motion after 
a given time has elapsed. 

Let v be the velocity, and 6 the angle which the direc- 
tion of motion at the end of time t makes with the hori- 
zontal. 

Then v cos 0 = horizontal velocity at end of time t 

= u cos a, the constant horizontal velocity. 

Also v sin 0 = the vertical velocity at end of time t 
= wsin a— gt. 

Hence, by squaring and adding, 

v 2 = u~— *±ugt sin a + grtf 2 , 

and, by division, tan 0 = — . 

J u cos a 

103 . To find the velocity and direction of motion at a 
given height. 

Let v be the magnitude, and 0 the inclination to the 
horizon, of the velocity of the particle at a given height h. 
The horizontal and vertical velocities at this point are 
therefore vcosfi and v sin $. 

Hen ee 

v eos 6 = u cos a, the constant horizontal velocity. . . (1 ). 
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Also, by Art. 32, 

v sin 0 = J u* sin 2 a - '2gh . . . 
Squaring and adding (1) and (2), we have 
v 2 ~u 2 — 2 gh. 

a i„„ i.„ +„ „ /3 _ ^-^nU-Ygh 


Also, by division, tan 0 - — . 

w cos a 

To find the greatest height attained by a projectile , 
«?i<Z the time that elapses before it is at its greatest height 
Let A (Fig. Art. 101), be the highest point of the path. 
The projectile must at A be moving horizontally, and hence 
the vertical velocity at A must be zero. 

Hence, by Art. 32, 

0 — u 2 sin 2 a — 2g . MA. 
u 2 sin 2 a 

giving the greatest height attained. 

Let T be the time from P to A ; then T is the time in 
which a vertical velocity u sin a is destroyed by gravity. 
Hence, by Art. 32, 0 - u sin a - gT. 

rp n, sin a 

~ ~V ’ 

giving the required time. 

w4os. To find the range on the horizontal plane and the 
time of flight 

When the projectile arrives at P 9 (Fig. Art. 101), the 
distance it has described in a vertical direction is zero. 
Hence, if t be the time of flight, we have by Art. 32 (1), 
0 = wsinaZ — \g&. 

t = — = twice the time to the hiffeWpoint 
9 
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During this time t the horizontal velocity remains constant 
and equal to u cos a. 

,\ PF = horizontal distance described in time t 


2u* sin a cos a 

— u cos a . t- . 

if 


Hence the range is equal to twice the product of the initial 
vertical and horizontal velocities divided by g. 


106. For a given velocity of projection , u> to find the 
maximum horizontal range , and the corresponding direction 
of projection. 

If a be the angle of projection, the horizontal range, by 
the previous article, 

2 u 2 sin a cos a u~ sin 2a 

9 1 ’ 

Also sin 2a is greatest when 2a — 90°, that is, when 
a - 45\ 


Hence the range on a horizontal plane is greatest when 
the initial direction of projection is at an angle of b*>° with 
the horizontal through the point of projection. 

The magnitude of this maximum horizontal range is v 


sin 90°, 
if 


i.e.y 


u 2 
9 ' 


■ 107. To shew thaty with a given velocity of projection 
there are for a given horizontal range in general two di- 
rections of projectiony vmicli are equally inclined to the 
direction of maximum projection. 

By Art. 105, the range, when the angle of projection 
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Also, when the angle of projection is - - a, the range 

u~ fir \ u 2 . / «. u 2 . 

- — sin 2 — a j ~ — sin (tt- 2a) = — sm 2a. 

Hence we have the same horizontal range for the angles 
of projection a and ^ — a. 

These directions are equally inclined to the horizon and 
the vertical respectively, and are therefore equally inclined 
to the direction of maximum range, which bisects the angle 
between the horizontal and the vertical. 

108. Ex. 1. A hullct is projected, with a velocity of 640 feet per 
second , at an angle of 30° with the horizontal; find (lj the greatest 
height attained , (?) the range on a horizontal plane and the time of 
flight , and (3) the. velocity and direction of motion of the bullet when it 
is at a height of 57 6 J'cct. 

The initial horizontal velocity 

— 640 cos 30°= 640 = 320^/3 feet per second. 


The initial vertical velocity =640 sin 30° = 320 feet per second. 

(1) If h be the greatest height attained, then h is the distance 
through which a particle, starting witli velocity 320 and moving with 
acceleration -g, goes before it comes to rest. 

.*. 0=320 2 -2f/7i; 

h = -^Z, = 1600 feet. 

2 x 32 

(2) If t be the time of flight, the vertical distance described in 
time t is zero. 

0=320t-lj7* s ; 

.-. t = — = 20 seconds. 

9 

The horizontal range — the distance described in 20 seconds by & 
particle moving with a constant velooity of 320^/3 ft. per sec. 

=20 x 320^/3=11085 feet approximately. 
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(3) If v be the velocity, and 6 the inclination to the horizon, at 
a height of 676 feet, we have 

» 4 sin 4 0 = 320 4 - 2g . 676 = 82 s x 64, 
and v 4 oos 4 0=(32<y3) 4 = 32 4 x 3OO. 

Hence, by addition, we have v = 32 x ^364 =610-5 ft. per sec. 

Also, by division, 

tan '=\/?5 = ^ = - 46188 * 

so that, from the table of natural tangents, we have 0=24° 47' 
approximately. 

Ex. 2. A cricket ball is thrown with a velocity of 96 feet per 
second; find the greatest range on the horizontal plane , and the two 
directions in lohich the ball may be thrown so as to give a range of 
144 feet. 

If the angle of projection be a, the range, by Art. 105, 

_ 2 . 96 2 . si n a cos a __ 96 2 . sin 2a 
9 “ 9 

The maximum range is obtained When a = 45°, and therefore 
96 2 

= ^2 = 288 feet — 96 yards. 

When the range is 144 feet, the angle a is given by 
96 s 

— sin 2a =144. 

9 

. 0 144x32 144 1 

sin2a “ 96 2 “3x96“ 2’ 

.*. 2a =30°, or 150°. 
a=15°, or 75°. 

Ex. 9. A cannon ball is projected horizontally from the top of a 
tower , 49 feet high, with a velocity of 200 feet per second. Find 

(1) the time of flight , 

(2) the distance from the foot of the toiocr of the point at which 
.it hits the ground , and 

(3) its velocity when it hits the ground. 

(1) The initial vertical velocity of the ball is zero, and hence t , 
the time of flight, is the time in which a body, falling freely under 
.gravity, would describe 49 feet. 

Hence 49 = -hg . t- = 16£ 2 . 

£=£ second. 

(2) During this time the horizontal velocity is constant, and 
therefore the required distance from the foot of the tower 

=200 x £=350 feet. 
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(3) The vertical velocity at the end of 7 second =y x 32=56 feet 
per second, and the horizontal velocity is 200 feet per second ; 

the required velocity = ^200* +56- = 8 */674 =207*7 feet nearly. 

Ex. 4. From the top of a cliff, 80 feet high, a stone is thrown so 
that it starts with a velocity of 128 feet per second , at an angle of 30° 
with the horizon ; find ichor e it hits the ground at the bottom of the 
cliff. 

The initial vertical velocity is 128 sin 30°, or 64, feet per second, 
and the initial horizontal velocity is 128 cos 30°, or 64^/3, feet per 
second. 

Let T be the time that elapses before the stone hits the ground. 

Then T is the time in which a stone, projected with vertical 
velocity 64 and moving with acceleration -g, describes a distance 
- 80 feet. . 

/. -80 ^..MT-hjT"-. 

Hence T=5 seconds. 

During this time the horizontal velocity remains unaltered, and 
hence the distanoe of tho point, where the stone hits the ground, from 
the foot of the cliff = 320^3 = about 554 feet. 


EXAMPLES. XVTL 


Wl. A particle is projected at an angle a to the horizon with a 
velocity of u feet per second; find the greatest height attained, the 
time of flight, and tho range on a horizontal plan^ when 
, (1) w=64, a=30°;*fc£^ 

• ( 2 ) u = 80, a = 60°;-*^ 

* (3) m= 96, a = 75°; 

•(4) w=200, a=sin" 1 | . 


Find the greatest range on a horizontal plane when the 
velocity of projection is (1) 48, (2) 60, (3) 100 feet per second. 


. 3 . A shot leaves a gun at the rate of 160 metres per second; 
calculate the greatest distance to which it could be projected, and the 
height to which it would rise. 


Jf 4. If a man can throw a stone 80 metres, how long is it in the 
air, and tp^What height does it rise? 

Iff A body is projected with a velocity of 80 it. per sec. in a 
ection making an angle tan' 1 3 with the horizon; shew that it 
rises to a vertical height of 90 feet, that its direction of motion is 
inclined to the horizon at 'an angle of 60° when its vertical height 
above the ground is 60 feet, and that its time of flight is about 4 $ sees. 
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Exs. XVII 


^8. A projectile is fired horizontally from a height of 9 feet from 
the ground, and reaches the ground at a horizontal distance of 100Q 
j^eet-^Find its initial velocity. 

LHyJ A stone is thrown horizontally, with velocity J*2ph } from the 
tojnrc a tower of height h. Find where it will strike the* level ground 
through the foot of the tower. What will bo its striking velocity? 

A stone is dropped from a height of 9 feet above the floor of a 
railway carriage ‘which is travelling at the rate of 30 miles per hour. 
Find the velocity and direction of the particle in space at the instant 
when it meets the floor of the carriage. 

V *v9. A ship is moving with a velocity of 16 feet per second, and 
a body is allowed to fall from the top of its mast, which is 144 feet 
high; find the velocity and direction of motion of the body, (1) at 
the end of two seconds, (2) when it hits the deck. 

A shot is fired from a gun on the top of a cliff, 400 feet high, 
witna velocity of 768 feet per second, at an elevation of 30°. Find 
the horizontal distance from the vertical lino through the gun of the 
point where the shot strikes the water. 

Lslrl. From the top of a vertical tower, whose height is feet, a 
particle is projected, the vertical and horizontal components of its 
initial velocity being 6(j and 8 <j respectively; find the time of flight, 
and the distance from the foot of the tower of the point at which it 
strikes the ground. 

>12. A gun is aimed so that the shot strikes horizontally the top 
\fiLihe spire of Strasburg Cathedral, which is 141 metres high; shew 
that, if the angle of projection bo cot -1 5, then the velocity of projec- 
tion is nearly 268 metres per second. 

« 13. Find the velocity and direction of projection of a shot which 
passes in a horizontal direction just over the top of a wall which is 
50 yards off and 76 feet high. 

■ A particle is projected at an' angle of elevation sin” 1 \ , and 

itffiange on the horizontal plane is 4 miles; find tho velocity of 
projection, and the velocity at the highest point of its path. 

Two balls are projected from* the same point in directions 
inclined at 60° and 30° to the horizontal; if they attain the same 
height, what is the ratio of their velocities of projection? 

What is this ratio if they have the same horizontal range ? 

The velocity of a particle when at its greatest height is 
*’6f its velocity when at half its greatest height ; shew that the angle of 
projection is 60°. 

ymXl'* Find the angle of projection when the range on a horizontal 
prone is (1) 4, (2) 4^/3 times the greatest height attained. 


418. Find the angle of projection when the range is equal to the 
distance through which the particle would have to fall in order to 
acquire a velocity equal to its velocity of projection. 
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""109. Range on an inclined plane. From a point 
on a plane, which is inclined at an angle P to the horizon, 
a particle is projected with a velocity u, at an angle a with 
the horizontal, in a plane passing through the normal to 
the inclined plane and the line of greatest slope ; to find 
the range on the inclined plane . 

Let PQ be the range on the inclined plane, PT the 



direction of projection, and QN the perpendicular on the 
horizontal plane through P. 

The initial component of the velocity perpendicular to 
PQ is u sin (a — /3), and the acceleration in this direction 
is — g cos p. 

Let T be the time which the particle takes to go from 
P to Q . Then' in time J 7 the space described in a direction 
perpendicular to PQ is zero. 

Hence 0 = u bin (a - P ) . T - \g cos P . T*, and therefore 
r 2« gin(a-fl) 
g cos p 

During this time the horizontal velocity u cos a remains 
unaltered ; hence PN -u cos a,. T, so that the range 

PN u cos a 2u a cos a sin (a — i8) 

PQ = 3^ 3- . 7=> §a ,m £y ' 

ooaP cos p g cos'/S 


L. D. 
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ilO. Maximum range. To find the direction of 
projection which gives the maximum rcmge on the inclined 
plane, and to shew that for any given range there are two 
directions of projection , which are equally inclined to the 
direction for maximum range. 


From the preceding article the range 


2 u* cos a sin (a — ft) _ 
g cos 2 ft ~ g cos 2 ft 1 
Now u and ft are given ; hence the range is a maximum 


> {sin (2a — p)~ &in fj\ ..(i). 


when sin (2a - ft) is greatest, or when 2a — ft- 


7 r 

o’ 


In this case a - ^ - a, i.e ., the angles TPQ and LPT 

are equal. 

Hence The direction for maximum range bisects the angle 
between the vertical and the inclined plane. ► 

Also the maximum range 

_ u 2 n . m 'm 2 

~ g cos 2 /?' sm P) g (l + sin ft)' 

Again, the range with an angle of elevation a! is, by (i), 
the same as that with elevation a, if 

sin (2a! — ft) = sin (2a - ft), 
i.e., if 2a x — ft = tt— (2a — ft), 


i.e., if 
&e., if 


“i = 2 + / J-a > 






But j + ^ is the elevation which gives the greatest range. 


Hence for any given range on an inclined plane there 
are two angles of projection, the two corresponding direc- 
tions of projection being equally inclined to that for the 
maximum range on the plane. 
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111 . Bx. 1. From the foot of an inclined plane , whose rite is 7 in 
25, a shot is projected with a velocity of 600 feet per second at an 
angle of 30° with the horizontal (1) up the plane , (2) down the plane- 
Find the range in each case . 

Let p be the inclination of the plane, so that 

7 24 

sj“/9=25 “id eos/3^. 


(1) By Art. 109, the range in the first case 

s/3 /I 24 _ s/3 _7\ 
0 600 2 cos 30° sin (30° -£) 600 2 2 V2‘25 2 '25/ 

32' cos *p “16 X 24 s 

25* 

360000 25^3(24-7^/3) 750000 m 

“ 16 x ~ 4 x 576 ~ 1024 ’ 


=5022 feet approximately. 

(2) The initial velocity perpendicular to the inclined plane is 
u sin(30° + /J) and the acceleration is -g cos/9. Hence the time of 

flight, T, is 2- Hence, as in Art. 109, if R 1 be the 

g cos p 1 

range, we have cos p = u cos 30°. T. 

„ 0 « 2 cos 30° sin (30° + p) 750000 /0 , 0 . m . 

•• R ‘= 2 ^ 102 rW 3+7 >’ aB m «• 

= 15275 feet approx. 

MT.B. The range doom an inclined plane may also be obtained 
from the formula of Art. 109, by changing p into - so that it is 
2u a cos a sin (a+p) 
g cos* p 

Bx. 2. In the previous example , ./bid greatest range . 

The angle of projection a must 

P 


-KwH- 


2‘ 


The range now= (1 - sin ft 

= u* 1 600* 

"" p 1 + sin /3 " 32 


4 


360000 x 25 or7Qft 
"■^2lT32^ 8789 ft ’ BPpr ° X * 

Similarly the greatest range down the inclined plane would be 
found to be 15625 feet. 
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B*- 3. A particle is projected at an angle a with the horizontal 
from the foot of a plane , whose inclination to the horizon is ft; shew 
that it will strike the plane at right angles , if cot ft =2 tan (a- ft). 

Let v bo the velocity of projection, bo that u cos (a - ft) and 
w sin (o - ft) are the initial velocities respectively parallel and perpen- 
dicular to the inclined plane. 

The accelerations in these two directions are - g sin ft and - g cos ft. 

Then, as in Art. 109, the time, T, that elapses before the particle 

reaches the plane again is --- B | n _ > 
g cos ft 

If the direction of motion at the instant when the particle hits 
the plane be perpendicular to the plane, then the velocity at that 
instant parallel to the plane must be zero. 

Hence ucos[a-ft)-gB\nft.T=0. 

. U c os (a- ft) T _ 2 u sin (q - ft) 
g sin ft ~ g cos ft * 

/. cot /9=2 tan (a- ft). 

112. Motion upon an inclined plane. A particle 
moves upon a smooth plane ivhich is inclined at an angle ft 
to the horizon , being projected from a point in the plane with 
velocity u in a direction inclined at an angle a to the inter- 
section of the inclined plane with a horizontal plane ; to find 
the motion. 

Resolve the acceleration due to gravity into two com- 
ponents; one, g sin/?, in the 
direction of the line of great- 
est slope, and the other, g cos /?, 
perpendicular to the inclined 
plane. The latter acceleration 
is destroyed by the reaction 
of the plane. 

The particle therefore moves upon the inclined plane 
with an acceleration g sin fi parallel to the line of greatest 
slope. 

Hence the investigation of the motion is the same as 
that in Arts. 101 — 107, if we substitute “^sin/T' for 
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“g”, and instead of “vertical distances” read “distances 
measured on the inclined plane parallel to the line of 
greatest slope.” 


EXAMPLES. XVin. 

U A plane is inclined at 30° to the horizon; from its foot a 
particle is projected with a velocity of 600 feet per second in a 
direction inclined at an angle of 60° to the horizon; find the range 
on the inclined plane and the time of flight. 

*2. A particle is projected with velocity V, at an angle of 75° 
to the horizon, from the foot of a plane whose inclination is 30°. 
Find where it will strike the plane. Find also the maximum range 
of the particle on the inclined plane. 

.3. A particle is projected with velocity 64 feet per second at 
an anglo of 45° with the horizon ; find its range on a plane inclined 
at 30° to the horizontal and its time of flight. Find also its greatest 
range on the inclined plane with the given initial velocity. 

4. A particle is projected with a velocity of 1280 feet per second 
at an angle of 45° with the horizontal; find its range on a plane 
inclined to the horizon at an angle sin -1 j , when projected (i) up, 
(ii) down, the plane. 

5. The velocity of projection of a rifle ball is 800 feet per second. 
Find its greatest range and the corresponding time of flight on planes 
inclined to the horizon at angles of 

( 1 ) 46°, (2) 60°, (3) sin->*V. (4) sin- T ~. 

6. The greatest range of a particle, projected with a oertain 
velocity, on a horizontal plane is 5000 yards ; find its greatest range 
on an inclined plane whose inclination is 45°. 

Find also the greatest range when the particle is projected down 
the inclined plane. 

7. The greatest range, with a given velocity of projection, on a 
horizontal plane is 1000 metres ; shew that the greatest ranges up and 
down a plane inclined at 30° to the horizon are respectively 666$ and 
2000 metres. 

8. From a point on & plane inclined at (1) 30°, (2) 60°, to the 
horizon a" particle is projected at right angles to the plane with a 
velocity of 25 metres‘per second; find the range on the plane in the 
two cases. 
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*113. A particle is projected into the air with a given 
velocity and direction of projection ; to shew that its path is 
a parabola . 

As in Art. 101, lot u be the velocity and a the angie 
of projection, PP' the horizontal range, A the highest point 
and AM the perpendicular on PP\ Then, by Art. 104, 


Also PM = horizontal distance described in time 


u M sin a cos a 


Let Q be any point on the path, and let QN and QL be 
the perpendiculars on AM and PP' respectively. Let t be 
the time from P to Q. 



Then QL = vertical distance described in time t 


= u sin a.t — \gt 2 (3), 

and PL=zuco&a.t (4). 

Hence from (1) and (3), 


AN = AM - NM = AM - QL 


u* sin * a . . . . g fu sina 

— * )• 



PROJECTILES 


135 


Also, from (2) and (4), 


QN=PM-PL = - 


- — u cos a . t 


= u cos 


(u sin a 
a ( 1 

\ 9 


QN 2 = v? cos 2 a ~ ~ —tj =u 2 cos 2 a . 


2 AN 


2 u 2 cos 2 a 


.AN 


Measure AS vertically downwards and equal to 
QN*=±AS.AN. 


*9 ' 


But this is the fundamental property of the curve 
known as a parabola. 

Hence Q lies on a parabola whose axis is vertical, 
whose vertex is at A, and whose latus rectum 


= 4 AS= 


2u 2 cos 3 a 
9 


Cor. I. It will be noted that the latus rectum, and 
therefore the size, of the parabola depends only on the 
initial horizontal velocity and is independent of the initial 
vertical velocity. 


Cor. II. The height of the focus S above the hori- 
zontal line through P = SM=AJf-AS 4 


v? sin 2 a 


u 2 cos 2 a 

~w~ 


v? 

- jr- cos 2a. 


Hence, if a be less than 45°, this distance is negative and 
the focus of the path is then situated below the horizontal 
line drawn through the point of projection^ 
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*114. To shew that the velocity at any •point is equal 
in magnitude to that which would he acquired by a particle 
in falling freely through the height from the directrix to the 
point . 

In the figure of Art. 113, produce MA to A”, making 
AX equal to AS, and draw XK horizontal. Then XK is 
the directrix. 

If v be the velocity at Q , we havej by Art. 102, 
v 2 = (u sin a — gt ) 2 + (u cos a) 2 
-ur ~ 2ug sin a . t + gH 2 



— (u sin a . t — 



K\tiMX=MA + AX = 


u 2 sin 3 a 


+ 


u- cos 2 a 

2 <r 


V 


and MN = QL = u sin a . t - \gi \ 

.*. v>=2g[MX-MN] = 2g .NX. 

Hence v is equal to the velocity that would be acquired 
in falling through the vertical distance from the directrix 
to the point Q. 


115. Experimental Proof that the path of a pro- 
jectile is a parabola. 

Let AC be a curved board with a groove in it down 
which a small ball will run when released. Fix it firmly 
in front of a vertical black-board. Mark a point C on the 
groove, and let the ball always start from the same point (7, 
and after running down the groove to A describe a path 
freely in the air just in front of the blackboard. 

Fix to the board a number of small paper or cardboard 
hoops, so that the ball just passes through them ; the hoops 
are adjusted by trial. After letting the ball run down the 
groove two or three times the position of the first hoop is 
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ascertained; and then after similar experiments the posi- 
tions of the rest of the hoops are found. 



The ball must always be started very carefully from the 
same point C. 

Draw a curve Al\P a P z ... passing through the centres 
of the hoops. This will be easily done by freehand drawing 
if a good many hoops are fixed in their proper positions. 

Draw vertical lines P 1 M lf P s M 2f P 3 A/ 8 ... to meet in 
M 1} M 2 , ... the horizontal line through A. 

Measure off the distances AM U AM 2 , ... and P Y M U 

.... 

Then on taking the squares of AM lf AM 2f AM Zi ... and 
dividing them respectively by P X M U P a M 29 ... we shall find 
that the results obtained are very approximately the same. 
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Hence for way point P on the curve we find that p^ 
PN 2 . 

is the same, i.e. that the same. 

Hence PN 2 varies as AN. 

But this is the fundamental property of the parabola. 
Hence the curve is a parabola. 

If we start the ball from a different point C we shall 
obtain the same result, but the parabola will vary in shape 
according to the position of the starting-point C. 

By arranging the grooved board so that its direction at 
A is not horizontal, we can in a similar manner shew that 
the path with any direction and velocity of projection at A 
is still a parabola. 


y EXAMPLES. XIX. 

• 1. On the moon there seems to be no atmosphere, and gravity 


there is about one-sixth of that on the earth. What space of country 
would be commanded by the guns of a lunar fort able to project shot 
with a velocity of 1600 feet per second? 


A tennis-ball is served from a height of 8 feet ; it just touches 
the^fet at a point where it is 8 ft. 3 ins. high and hits the service-line 
21 feet from the net; the horizontal distance of the server from the 
foot of the net being 39 feet, shew that the horizontal velocity of the 
ball is about 171 feet per second and find the angle of projection. 


>3. A plane, of length 6 feet, is inclined at an angle of 30° to 
the horizon, and a particle is projected straight up the plane with 
a velocity of 16 feet per second; find the greatest height attained 
by the particle after leaving the piano, and the range on a horizontal 
plane passing through the foot of the inclined plane. 


» 4. If a stone be hurled from a sling which has been swung in 
a horizontal circle of 8 feet radius, at a height of 6 feet from the 
ground, and at the steady rate pf 21 revolutions in 2 seconds, find the 
range on the ground. ^ 

• V 5. Two guns are pointed at each other, one upwards at the angle 
of elevation '30°, and the other downwards at the same angle of 
depression, the muzzles being 100 feet apart. If the charges leave 
the guns with velocities 1100 and 900 feet per second respectively, 
find when and where they will meet. 
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A projectile, aimed at a mark which, is in the horizon 
So through the point of projection, falls a ft. short of it when 
the elevation is a, and goes.b ft. too far when the elevation is ff. 
Shew that, if the velocity of projection be the samo in all cases, the 
proper elevation is 


. a sin 20 + 6 sm 2a 

Q . 

a + h 




A hill is inclined at an angle of 30° to the horizon; from 
a point on the hill one projectile is projected up the hill and an- 
other down, both starting with the same velocity; the angle of pro- 
jection in each case is 45° with the horizon; shew that the range of 
one projectile is nearly 3| that of the other. 

A particle is projected from a point on an inclined plane in 
nfmrection making an angle of 60° with the horizon ; if tho range on 
the plane be equal to the distance through which another partiole 
would fall from rest during the time of flight of the first particle, find 
the inclination of the plane to the horizon. 

From a point in a given inclined plane two bodies are pro- 
jected with the same velocity in the same vertical plane at right 
angles to one another; shew that tho difference of their ranges is 
constant. 

■ Ojp The angular elevation of an enemy’s position on a hill h feet 
hignis /3 ; shew that, in order to shell it, the initial velocity of the 
projectile must not be less than Jgh (1+oosec p). 

rfl. Shew that the greatest range on an inclined plane passing 
through the point of projection is equal to the distance through 
which the particle would fall freely during the corresponding time 
of flight. 

r u2J A particle, projected with velocity u, strikes at right angles 
a plane through the point of projection inclined at an angle /3 to 
the horizon. Shew that the height of the point struck above the 

horizontal plane through the point of projection is — P— 


2 u 


g l+dBin*/?’ 
, and that the range on a 


that the time of flight is — j—. — ^ 

OjuTsSSp 

horizontal plane through the point of projection would be 
sin 2/9 l+sin 9 /3 
g l+8sin Vf 

Shew that foul’ times the Square of the number of seconds 
in the time of flight ih the range on a horizontal plane equals the 
height in feet of the highest ?mnt Of the trajectory. 
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r 14. If the maximum height of a projectile above a horizontal 
plane passing through the point of projection be h, and a be the angle 
of projection, find the interval between the instants at which the 
height of the projectile is ft sin 2 a. 

15. Find the direction in which a rifle must be pointed so that 
the bullet may strike a body let fall from a balloon at the instant of 
firing; find also the point where the bullet meets the body, supposing 
the balloon to be 220 yards high, the angle of its elevation from the 
position of the rifleman to be 30°, and the velocity of projection of 
the bullet to bo 1320 feet per second. [The balloon is at rest.] 

Two particles are projected simultaneously, one with velocity \ 
V up a smooth plane inclined at an angle of 30° to the horizon, and 
2V 

the other with a velocity -r-- at an elevation of 60°. Shew that the 

2V 

particles will be relatively at rest at the end of — seconds from the 

6 9 

instant of projection. 

The radii of the front and hind wheels of a carriage are, 
a ana 6, and c is the distance between the axle-trees; a particle 
dust driven from the highest point of the hind wheel is observed 
to alight on the highest point of the front wheel. Shew that the 
velocity of the carriage is 


4 


V { 


(c + b-u) (c + a-b) 
4 1 


18. Find the charge of powder required to send a 68 lb. shot, 
with an elevation of 15°, to a range of 3000 yards, given that the 
velocity communicated to the same shot by a charge of 10 lbs. is 
1600 feet per second, and assuming that the kinetic energy of the 
shot is proportional to the magnitude of the charge. 

19. A body, of mass 2 lbs., is projected with a velocity of 20 feet 
per second at an angle of 60° to the horizon ; another body, of mass 
3 lbs., is at the same time projected from the same point with a 
velocity of 40 feet per second at an angle of 30° to the horizon. Find 
to two places of decimals the height to which their common centre of 
gravity rises, and the distance of the point at which it meets the 
horizontal plane through the point of projection. 


20. A train is travelling at the rate of 45 miles per hour, and 
a passenger throws up a ball vertically with an initial velocity of 
12 feet per seoond ; find the latus rectum of the path which it de- 
scribes. If the ball be projected with the same velocity at 60° to 
the horizontal (1) in the same direction, (2) in the opposite direction, 
with the motion of the train, find the latus rectum in each case. 
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f 21. In a trajectory find the time that elapses before the particle 
is at the end of the latus rectum. 

m) A particle is projected so as to enter in the direction of 
its length a small straight tube of small bore fixed at an angle of 
45° to the horizon and to pass out at the other end of the tube; 
shew that the latera recta of the paths which the particle describes 
before entering and leaving the tube differ by ^2 times the length 
of the tube. 


23. A particle is projected horizontally from the top of a tower, 
100 feet high, and the focus of the parabola which it describes is 
in the horizontal plane through the foot of the tower; find the 
" city of projection. 


A particle is projected with velocity 2 sf^9 so that it just 
feanTtwo walls, of equal height a, which are at a distance 2 a from 
each other. Shew that the latus rectum of the path is 2a, and that 


the time of passing between the walls is 2 



25. Shew that the locus of the foci of all trajectories which pass 
through two given points is a hyperbola. 

@1 If t be the time in which a projectile reaches a point P of 
its path, and t' be the time from P till it strikes the horizontal plane 
through the point of projection, shew that the height of P above the 
plane is \ gtt'. 

*• If at any point of a parabolic path the velocity be u and the 

inclination to the horizon be 0 , shew that the particle is moving at 

right angles to its former direction after a time — . 
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COLLISION OF ELASTIC BODIES. 

116 . If a man allow a glass ball to drop from his 
hand upon a marble floor it rebounds to a considerable 
height, almost as high as his hand ; if the same ball bo 
allowed to fall upon a wooden floor, it rebounds through 
a much smaller distance. 

If we allow an ivory billiard ball and a glass ball to 
drop from the same height, the distances through which 
they rebound will be different. 

If again we drop a leaden ball upon the same floors, 
the distances through which it rebounds are much smaller 
than in either of the former cases. 

Now the velocities of these bodies are the same on 
first touching the floor; but, since they rebound through 
different heights, their velocities on leaving the floor must 
be different. 

The property of the bodies which causes these differ- 
ences in their velocities after leaving the floor is called 

their Elasticity. 

In the present chapter we shall consider some simple 
cases of the impact of elastic bodies. We can only discuss 
the cases of particles in collision with particles or planes, 
and of smooth homogeneous spheres in collision with 
smooth planes or smooth spheres. 



COLLISION OF ELASTIC BODIES 143 


117- Def. Two bodies are said to impinge directly 
when the direction of motion of each is along the common 
normal at the point at which they touch. 

They are said to impinge obliquely when the direction 
of motion of either, or l*)th, is not along the common 
normal at the point of contact. 

The direction of this common normal is called the line 
of impact 

In the case of two spheres the common normal is the 
line joining their centres. 

118. Newton’s Experimental Law. Newton 
found, by experiment, that, if two bodies impinge directly, 
their relative velocity after impact is in a constant ratio to 
their relative velocity before impact, and is in the opposite 
direction. [The experiment is described in Art 151.] 

If the bodies impinge obliquely, their relative velocity 
resolved along their common normal after impact is in a 
constant ratio to their relative velocity before impact 
resolved in the same direction, and is of opposite sign. 

This constant ratio depends on the substances of which 
the bodies are made, and is independent of the masses of 
the bodies. It is generally denoted by e and is called 
the Modulus or Coefficient of Elasticity, Restitution, or 
Resilience. Either of the two latter terms is better than 
the first. 

If u and v! be the component velocities of two bodies 
before impact along their common normal (as in the figure 
of Art. 122), and v and v' the component velocities of the 
bodies in the same direction after impact, the law states 
that 

,<i). 
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This experimental law may also be expressed in the form 

Velocity of Separation = e times the Velocity of Ap- 
proach, these two velocities being measured in the direction 
of the common normal at the point of impact. 

Thus in the case of Art. 122 the left-hand sphere 
caught up the right-hand sphere and the velocity of 
approach was u — u; also after the impact the right-hand 
sphere must move away from the other, and the velocity of 
separation is v' - v ; this second form of enunciation of 
the law therefore gives 

v' - v = e (u — u ! ), 
which is the same as (1). 

The value of e has widely different values for different 
bodies ; for two glass balls c is *94 ; for two ivory ones it is 
•81 ; for two of cork it is -65; for two of cast-iron about 
•66 ; whilst for two balls of lead it is about -20, and for 
two balls, one of lead and the other of iron, the value is *13. 

Bodies for which the coefficient of restitution is zero 
are said to be “inelastic”; whilst “perfectly elastic” 
bodies are those for which the coefficient is unity. Pro- 
bably there are no bodies in nature coming strictly under 
either of these headings; approximate examples of the 
former class are such bodies as putty or dough, whilst 
probably the nearest approach to the latter class is in 
the case of glass balls. 

More careful experiments have shewn that the ratio of the relative 
velocities before and after impact is not absolutely constant, but that 
it decreases very slightly for very large velocities of approach of the 
bodies. In any case, however, the law is only an approximate one, 
and cannot be taken as rigorously true. 

119 * Motion of two smooth bodies perpendicular to 
the line of impact . 

When two smooth bodies impinge, there is no tangential 



COLLISION OF ELASTIC BODIES 


145 


action between them, so that the stress between them is 
entirely along their common normal, i.e. the line which is 
perpendicular to both surfaces at their point of contact. 
Hence there is no force perpendicular to this common 
normal, and therefore no change of velocity in that 
direction. 

Hence the component velocity of each body in a 
direction perpendicular to the common normal is unaltered 
bjTtHe impact; 

120. Motion of two bodies along the line of impact . 

From Art. 86 it follows that, when two bodies impinge, 
the su m of their momenta along the linejof impact is the 
sameafter^ im pact as be fore. 

The two principles enunciated in this and the previous 
article, together with Newton’s experimental law, are 
sufficient to find the change in the motion of particles 
and smooth spheres produced by a collision. 

We shall now proceed to the discussion of particular cases. 

^2l) Impact on a fixed plane. A smooth sphere , 
or particle j, whose mass is m and whose coefficient of resti- 
tution is e, impinges obliquely on a fixed plane ; to find the 
change in its motion. 

Let AB be the fixed plane, C tiie point at which the 
sphere impinges, and CN the normal to the plane at C so 
that CN passes through the centre, 0, of the sphere. 

Let DO and OE be the directions of motion of the 
centre of the sphere before and after impact, and let the 
angles NOD and NOE be a and 6. Let u and v be the 
velocities of the sphere before and after impact as indi- 
cated in the figure. 
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Since the plane is smooth, there is no force parallel to 
the plane ; hence the velocity of the sphere resolved in a 
direction parallel to the plane is unaltered. 

r. v sin 0 = u sirx a .....(1). 



By Newton’s experimental law, the normal velocity of 
separation is e times tho normal velocity of approach. 

Hence v cos 0 - 0 = e (u cos a - 0). 

v cos 0 = eu cos a (2). 

From (1) and (2), by squaring and adding, we have 
V = u \/ sin 2 a + e 2 cos 2 a, 
and, by division, cot 6 = e cot a. 

These two equations give the velocity and direction of 
motion after impact. 

The impulse of the foroe of impact on the plane is equal and 
opposite to the impulse of the force of impact on the sphere, and is 
therefore measured by the change of the momentum of the sphere 
perpendicular to the plane. 

Hence the impulse of the blow = mu cos a+viv cos 6 
=m (1+e) ucosa. 
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Cor. 1. If the impact be direct, we have a = 0. 

0 = 0, and v = eu . 

Hence The direction of motion of a sphere , which im- 
pinges directly on a smooth plane , is reversed and its velocity 
reduced in the ratio 1 : e. 

Cor. 2. If the coefficient of restitution be unity, we 
have 0 = a, and v-u. 

Hence When the plane is perfectly elastic the angle of 
reflexion is equal to that of incidence , and the velocity is 
unaltered in magnitude. 

Cor. 3. If tho coefficient of restitution be zero, we 
have 0 = 90°, and v = u sin a. 

Hence A sphere after impact with an inelastic plane 
slides along the plane with its velocity parallel to the plane 
unaltered. 


Ex. A ball , moving with a velocity of 10 feet per second , impinges 
on a smooth fixed plane at an angle of 45 9 ; if the coefficient of res- 
titution be -J, find the velocity and directum of motion of the ball after 
the impact . 


Let its velocity after the impact be v at an angle 6 with the fixed 
plane. 

Its component velocities along and perpendicular to the plane, 
before impact, are each 10 i.e., 5J2. After impact its com- 
ponent velocities in the same two directions are v cob 0 and v sin 0. 

Hence we have v cos 9= 5^/2, 

v sin 9 = e . 5^2 = 4^/2. 

Therefore, by squaring and adding, 

t> 2 =82, so that t>= ^82= 9*06. 


' Also, by division, tan 0=j 4 so that, by the table of natural 
tangents, 0=38° 40" nearly. Hence, after the impact, the ball moves 
with a velocity of 9*06 ft. per see. at an angle of 88°4(K with the 
plane. 
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EXAMPLES. XX. 


*1. A glass marble drops from a height of 9 feet upon a horizontal 
floor ; if the coefficient of restitution be *9, find the height to which it 
rises after the impact. 


^ 2 . An ivory ball is dropped from a height of 25 feet upon a 
horizontal slab; if it rebound to a height of 16 feet, shew that the 
coefficient of restitution between the slab and the ball is *8. 


*3) A heavy elastic ball drops from the ceiling of a room, and 
after rebounding twice from the floor reaches a height equal to one 
half that of the ceiling; shew that the coefficient of restitution 


A* 


J/i. 


From a point in one wall of a room a ball is projected along 
tne smooth floor to hit the opposite wall and returns to the point 
from which it started ; if the coefficient of restitution be shew that 
^the ball takes twice as long in returning as it took in going. 


^ 5. From a point in the floor of a room a ball is projected 
vertically with velocity 32^/3 feet per second ; if the height of the 
room be 16 feet, and the coefficients of restitution between the ball 


and the ceiling and the ball and the floor be each -j- , shew that the 

si* 

ball, after rebounding from the ceiling and the floor, will again just 
reach the height of the ceiling. 


* 6. A ball moving with a velocity of 8 ft. per sec. impinges at an 
angle of 30° on a smooth plane ; find its velocity and direction of 
motion after the impact, the coefficient of restitution being 

%/ 7. A sphere moving with a velocity of 5 ft. per sec. hits against 
a smooth plane, its direction of motion being inclined at an angle 
gin- 1 (=36° 52') to the plane ; shew that after impact its velocity is 
2^/5 (=4*47) ft. per sec. at an angle tan -1 -J (=26°34') with the plane, 
if the coefficient of restitution be §. 


8. A ball falls from a height of 16 feet upon a plane inclined at 
(1) 30°, (2) 45°, and (8) 60°, to the horizon ; find the velocity and 
direction of motion after the impact in the three cases, the coefficient 
of restitution being f . 

( iaa7 ) Direct Impact of two spheres. A smooth 
sphere , of mass m, impinges directly with velocity u on 
t mother smooth sphere , of mass m\ moving in the same 
direction with velocity v!. If the coefficient of restitution 
he e, to find their velocities after the impact . • 
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Let v and 1 / be the velocities of the two spheres after 
impact. 

The velocity of approach is w- u\ and the velocity of 
separation is v — v t so that by Newton's experimental law 
we have 

v' — v — e (to — u) (I). 



Again, the only force acting on the bodies during the 
impact is the blow along the line of centres. Hence, by 
Art. 120, the total momentum in that direction is unaltered. 

mv + mV = mu + mu' (2). 

Multiplying (1) by 7/1', and subtracting from (2), we 
have 

(m + m') v — (m - em) u -f m (1 + e) u\ 

Again multiplying (1) by m, and adding to (2), we have 
(m + m') v f -m{\+e)u + (m f - em) u\ 

These two equations give the velocities after impact. 

If the second sphere be moving in a direction opposite 
to that of the first, we must change the sign of u'. 
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Also the impulse of the blow on the ball m 

=the change produced in its momentum 

=m(»- V )=_^(l + e)(„-u'). 

The impulse of the blow on the other ball is equal and opposite 
to this. 

Cor. If we put m = m and e = 1, we have 
v — u\ and v ' = u. 


' Hence If two equal •perfectly elastic balls impinge 
directly they interchange their velocities. 

128. Ez. 1. A ball, of mass 8 lbs. and moving with velocity 
4 fed per second , overtakes a ball , of mass 10 lbs. moving with velocity 
2 feet per second in the same direction ; if e be find the velocities of 
the balls after impact. 

Let v and v' be the required velocities. 

Since the total momentum is unaltered, 

8v + 10v' = 8 x 4 + 10 x 2=52. 

By Newton’s Law, 

ti'-»=y(4-2)=l. 

Hence, by solving, t>=2j, and v'=3j, feet per second. 

ZSz. 2. If in the previous question , the second ball be moving in a 
direction opposite to the first t find the velocities. 

Here the equations are 

Sv + 10v'= 8x4-10x2=12, 
and J(4 + 2)=8, 

since v' -v is the velocity of separation and 4+2 is the velocity of 
approach. - 

Hence, on solving, v= - 1 and v'=2 feet per second, so that each 
ball turns back after the impact, since the velocities are reckoned 
positively in the direction in which the first was going before impact . 
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\124) Oblique impact of two spheres. A smooth 
sphere, of mass m, impinges with a velocity u obliquely on 
a smooth sphere , of mass m\ moving with velocity u. If 
the directions of motion before impact make angles a a/nd ft 
respectively with the line joining the centres of the spheres , 
and if the coefficient of restitution be e, to find the velocities 
and directions of motion after impact 

Let the velocities of the spheres after impact be v and 
v f in directions inclined at angles 0 and <j> respectively to 
the line of centres. 


Since the spheres are smooth, there is no force perpen- 
dicular to the line joining the centres of the two balls, and 
therefore the velocities in that direction are unaltered. 


Hence vsin0 = wsina (1), 

and v' sin <f> = u! sin fi (2). 



Since u cos a - u f cos fi is the normal velocity of approach, 
and v cos ^ - v cos 6 is the normal velocity of separation, 
we have, by Newton’s Law, 

v’ cos <t>-v cos $=e(u cob a - u'.cos / 3 ) (3). 
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Again, the only force acting on the spheres during the 
impact is the blow along the lino of centres. Hence 
(Art. 120) the total momentum in that direction is un- 
altered. 

mv cos 0 + ?nv' cos < }> = mu cos a + mu cos ft. . . (4). 

The equations (1), (2), (3) and (4) determine the un- 
known quantities v, v\ 0 and <j>. 

Multiply (3) by subtract from (4), and we obtain 

_ (m — erri) u cos a + m (1 + e) vl cos 6 

vcos 6 = - ~ , -- 

m + m 

So multiplying (3) by m, and adding to (4), we get 

. , m(l +e) wcosa+ (m! — em) ucosQ 

v cos <f> - — L - 

m + m 

From (1) and (5) by squaring and adding we obtain v\ 
and by division we have tan 0. 

Similarly from (2) and (6) we obtain v‘ z and tan <£. 

Hence the motion is completely determined. 

The impulse of the blow on the first ball = the change produced in 
its momentum = m ( u cos a-v cos 0) 

— - ? - i — {i + A ( u cos a - u' cos 8) , on reduction. 
m+m v ' ' rn 

The impulse of the blow on the other ball is equal and opposite 
to this. 

Cor. 1. If u = 0, we have from equation (2) <£-0, 
and hence the sphere ml moves along the lines of centres. 
This follows independently, since the only force on in is 
along the line of centres. 

Cor. 2. If m «= m', and e = 1, we have 

v cos 0 = u' cos /?, and v f cos <j) = u cos a. 

Hence If two equal perfectly elastic spheres impinge they 
interchange their velocities in the direction of the line of 
centres. 


( 5 ) 
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125. Bz. 1. A ball , of mass 5 lbs. and moving with velocity 
15 ft . per sec., impinges on a bally of mass 10 lbs. and moving with 
velocity 5 ft. per sec.; if their velocities before impact be parallel and 
inclined at an angle of 30° to the line joining their centres at the 
instant of impact, find the resulting motion, the coefficient of restitution 
being -J. 

Let the velocities after impact be v and v f at angles 0 and <f> to the 
lino joining the centres. 

Since the velocities perpendicular to the line of centres are 


unaltered, we have 

v sin 0=15 sin 30°=- 1 /- (1), 

and v' sin ^=5 sin 30°= ^ (2)- 

By Newton’s Law, 

v' cos 0 - v cos 0 = [15 cos 30° - 5 cos 30°] = 5 ^ (3). 

/ 'Is 


Since the momentum along the lino of impact is unaltered, 
.• 5vcos0 + lOv'cos 0 = 5 . 15^ + 10 .5 — . 


:. v cos 0 + 2v' cos 0 = 25^~ (4). 

Solving (3) and (4), we have 

v cos 0 = 5*/- (5), 

and v' cos 0=5^3 (6). 


From (1) and (5), we have i? = 5JS = 8-66 ft. por sec. nearly, and 
0 = 60°. 

From (2) and (6), we have v' = 1*713 = 9 ft. per sec. nearly, and 
1 /3 

tan 0 =—. 5 = , so that, by the table of natural tangents, <f> - 16°6\ 

if O 

Ex. 2. Two smooth balls, one of mass double that of the other , are 
moving with equal velocities in opposite parallel directions and impinge , 
their directions of motion at the instant of impact making angles of 30° 
with the line of centres. If the coefficient of restitution be b,find the 
velocities and directions of motion after the impact. 

Let the masses of the balls be 2 m and m and let the velocities after 
impact be v and v' respectively at angles 0 and <f> to the line of centres. 
Since the velocities perpendicular to the line of centres are 


unaltered, 

.-. vain 0=w sin 30°=^ (1), 

• 14 

and v / sin0=tfsin8O o =:^ (2). 
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The normal velocity of approach is wcos 30° 4- w cos 30°, and the 
normal velocity of separation is v'cos 0— vcos 0, so that by Newton’s 
Law, we have 

?/cos0- i>cos0=e[uoos3O o +wcos3O o ]=tt^ (3). 

A 

Since the momentum resolved parallel to the lino of centres 
remains unaltered, 

2m v cos 0 + m v' cos 0 = 2«m cos 30° - mu cos 30° , 

2v cos 0 + 1 / cos 0=t( v ^ (4). 

a 



Solving (3) and (4), wo have v cos 0=0 and v' cos <f>=u ^ . 

From these equations and (1) and (2), we obtain 
0=90°, v=^; 0=30°, v'=u. 

Hence after impact the larger ball starts off in a direction perpen- 
dicular to the line of centres with half its former velocity, and the 
smaller ball moves as if it were a perfectly elastic ball impinging on a 
fixed plane. 


EXAMPLES , ttt 

1. A sphere, of mass 4 lbs. and moving with velocity 5 ft. per 
sec., overtakes a sphere of mass 3 lbs. and moving with velocity 
4 ft. per sec. ; if the impact be direct and the coefficient of restitution 
be fa find the velocities of the spheres after impaot. 
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•2. A ball, of mass 10 lbs. and moving with velocity 6 ft. per see., 
overtakes a sphere, of mass 8 lbs. and moving with velocity 3 ft. per 
see. ; if the impact bo direct and the coefficient of restitution be J, 
find the velocities of the spheres after impact. 


• 3. A sphere, moving with velocity 12 ft. per sec., meets an equal 
sphere moving in the same line with a velocity of 6 ft. per sec. in 
the opposite direction ; if the coefficient of restitution be J, find their 
velocities after the impact. 


If a ball overtake a ball of twice its own mass moving with 
one-seventh of its velocity, and if the coefficient of restitution between 
them be shew that the first ball will, after striking the second ball, 
remain at rest. 


' ( 5 ) If the masses of two balls be as 2:1, and their respective 
vcRJCities before impact be as 1 : 2 and in opposite directions, and e 
be shew that each ball will after direct impact move back with £tks 
of its original velocity. 

As) A sphere impinges directly on an equal sphere at rest ; if the 
coefficient of restitution be e , shew that their velocities after the im- 
pact are as 1 - e : 1 + e. 


/^7. A ball, of ma3S m and moving with velocity u, impinges on a 
bdll, of mass em and moving with velocity eu in the opposite direction ; 
if the impact be direct and e bo the coefficient of restitution, shew 
that the velocity of the second ball after impact is the same as that of 
the first ball before impact. \ C\ £ 1 _ 


• 8. A ball , of mass 2 lbs. , impinges directly on a ball, of mass 1 lb. , 
which is at rest ; find the coefficient of restitution if the velocity with 
which the larger ball impinges be equal to the velocity of the smaller 
ball after impact. 


% 9. A ball of mass m impinges directly upon a ball of mass m 1 at 
rest ; the velocity of m after impact is ^ths of its velocity before impact 
and the coefficient of restitution is § ; compare (i) the masses of the 
two bajjs, and (ii) the velocities of m and after impact. 

V/u). Three spheres, whose masses are 2 lbs., 6 lbs., and 12 lbs., 
respectively, and whose velocities are 12, 4, apd 2 feet per second 
respectively, are moving in a straight line in the above order. If 
the coefficient of restitution be unity, shew that the first two spheres 
will be brought to rest by the collisions which will take place. 

A ball is let fall from a height of 64 feet, and at the same 
Instant an equal ball is projected from the ground with a velocity 
)f 128 feet per second to meet it in direct impact : if the coefficient of 
restitution be J, find the times that elapse after the impact before 
die balls reach the ground. 
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Exs. XXI 


• 12. An inelastic sphere impinges obliquely on a second sphere at 

rest, whose mass is twice its own, in a direction making an angle 
of 30° with the line joining the centres of the spheres; shew that 
its direction of motion is turned through an angle of 30°. 1+° 

* 13. Two equal halls moving with equal speeds impinge, their 
directions being inclined at 30° and 60° to the line joining their 
centres at the instant of impact; if the coefficient of restitution be 
unity, shew that after impact they are moving in parallel directions 
inclined at 45° to the line of centres. 

*14. Two equal balls, moving with equal velocities, impinge; if 
their directions of motion before impact ftiake angles of 30° and 90° 
respectively with the line joining the centres at the instant of impact, 
and if the coefficient of restitution be shew that after impact the 
balls are moving in parallel directions, and that the velocity of one is 
double that of the other. 

Q5) Two equal perfectly elastio balls impinge ; if their directions 
of motion before impact be at right angles, shew that their directions 
of motion after impact are at right angles also. £ * * 

*16. A sphere, moving with velocity u^/3, impinges on an equal 
sphere, moving with velocity m, their directions of motion before 
impact making angles of 30° and 60° with the line of centres ; shew 
that, if the coefficient of restitution be unity, their directions of 
motion after impact make angles of 60° and 30° respectively with the 
line of centres. 

'17. A Bphere, of mass 5?n and moving with velocity 13m, impinges 
on a sphere, of mass m and moving with velocity 5m, their directions 
of motion being inclined at angles of sin -1 T \ and sin -1 ! respectively 
to the line of centres; if the coefficient of restitution be find their 
velocities and directions of motion after the impact. 

126. Action between two elastic bodies during 
their collision. When two elastic bodies impinge, the 
time during which the impact lasts may be divided into 
two parts, during the first of which the bodies are com- 
pressing one another, and during the second of which they 
are recovering their shape. 

That the bodies are compressed may be shewn experi- 
mentally by dropping a billiard ball upon a floor which has 
been covered with fine coloured powder. At the spot 
where the ball hits the floor, the powder will be found to 
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be removed not from a geometrical point only, but from a 
small circle; this shews that at some instant during the 
compression the part of the ball in contact with the floor 
was a circle; it follows that the ball was then defonned 
and afterwards recovered its shape. 

It is also found that the small circle is increased in size 
if the distance through which the ball is dropped be 
increased, in which case the velocity of the ball on hitting 
the floor is increased. Hence the greater the velocity at 
impact, the greater is the temporary deformation of the 
billiard ball. 

The first portion of the impact lasts until the bodies 
are instantaneously moving with the same velocity ; forces 
then come into play tending to make the bodies recover 
tlieir shape. The mutual action between the bodies during 
the first portion of the impact is often called “the force 
of compression,” and that during the second portion “ the 
force of restitution.” 

We have no means of finding out what is the actual 
magnitude of the force between two bodies during an 
impact; we only know that it must vary very considerably, 
being zero at the commencement of the impact and zero at 
the end, and that it must be large at some instant during 
which the impact lasts. But, by Newton's Third Law, the 
force at each instant must be the same in magnitude for each 
body, but opposite in direction ; hence the impulses of the 
forces acting on the two bodies must be equal, but in 
opposite directions. 

127 . It is easy to shew that the ratio of the impulses 
of the forces of restitution and compression is equal to the 
quantity e , which we have defined as the coefficient of 
restitution. 
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Consider the case of one sphere impinging directly on 
another, as in Art. 122, and use the same notation. 

Let U be the common velocity of the bodies at the 
instant when the compression is finished. Then 
m ( u - U) is the loss of momentum by the first ball, 
and m' (U — u') is the gain by the' second ball. 

Hence, if I be the impulse of the force of compression, we 
have I- m (u—U) = m(U~ u'\ 

-+ V+ U-u' = u-u (1). 

m m 

Again, the loss of momentum by the first ball during 
the period of restitution is m(U-v), and the gain by the 
second ball is m (y — U). 

Hence, if T be the impulse of the force of restitution, 
r = m(U-v) = m'(v'-U), 

= u- v + v - r/= v' - v (2). 

Hence, from (1 ) and (2), ~ = V — ~ , 

w N ’ I u — u 

. Impulse of the force of restitution 

Impulse of the force of compression 

_ Normal velocity of separation _ 

~ Normal velocity of approach 

:.r = el 

** 128 . Loss of Kinetic Energy by Impact. 

Two spheres of given masses moving with given velocities 
impinge ; to shew that there is a loss of kinetic energy and 
to find the ammnt . 

I. Let the collision be direct and the notation as in 
Art. 122. 
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Then we have 

mv + mV = mu + mV (1), 

v —v = e(u — u') (2). 


To the square of (1) add the square of (2) multiplied by 
mm ; wo then have 

(m 2 + mm) v 2 + (m' 2 + mm) v” = (mu + mu) 2 + ehnm! (n - V) 2 , 
i.e . (m + m) (mv 2 + mv' 2 ) 

~ (mu + mV') 2 + mm' (u — u') 2 - (1 - c 2 ) mm' (u — ?*') 2 
~ (m + m') (mw 2 + mV 2 ) — (1 - e 2 ) mm! (u - u') 2 . 

Jm?r + AmV 2 = imtt 3 +,AmV 2 - (u — if/) 2 . 

2 2 2 ,2 2 m + m x 7 

Hence the kinetic energy after impact 

, . , - . ^ 1 — e 2 mm , „ 

= kinetic energy before impact s , (n - u ) . 

r 2 m + m N 7 


Hence the loss of kinetic energy is 


1 — e 2 mm 

2 m + m! 


(m - n’f. 


and this loss does not vanish unless e = 1, that is, unless 
the balls are perfectly elastic. 


II. Let the collision be oblique and the notation as in 
Art. 124. 

As in I., we have 

Amt? 2 cos 2 0 + \mv 2 cos 2 </> = \mu 2 cos 2 a + \m!v! 2 cos 2 

1 -e 2 mm! , , /ON 

7 ( u cos a — u cos of ... (3). 

2 m + m x w 

Also, since v sin 0 = u sin a, and v' sin <f> = u' sin /?, we 
have 

Jmt? 2 sin* 0 + JmV? sin 2 <f> = sin 2 a 

+ AmV* sin 2 £ (4). 
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Adding (3) and (4), wo have 

The kinetic energy after impact = kinetic energy before 


impact — 


1 - e 2 min ' 
2 m + m 


{u cos a ~u' cos (I)\ 


Hence we see that in any impact, unless the coefficient 
of restitution be unity, some kinetic energy is lost, or, 
rather, is transformed. 

This missing kinetic energy is converted into molecular 
energy and chiefly reappears in the shape of heat. 


Cor. Suppose, as in the case of a nail hit by a hammer, that the 
object struck was at rest. 

In this case v! — 0 and e=0. Hence, by the result of I., the 
energy lost, or transformed, 


1 nun ii-ri „ 

M vi + m' 

Mechanical energy lost by the blow 
Mechanical energy bcforeTlie blow 
i mm f (1 - c 2 ) „ i „ 

" m + m 


m 


m + in 1 




This latter expression is made smaller if the ratio of m to m f be 
made bigger, *.<?., the bigger the mass of the hammer compared with 
that of the nail, the smaller is the loss of mechanical energy at the 
impact. 


12o) zsx. 1. A ‘particle falls from a height h upon a fixed liori- 
zomtrlrplane ; if e he the coefficient of restitution , shew that the whole 
distance described by the particle before it has finished rebounding is 


m. ~r *> . , , , , , . /2h 1 + e 

i — ' l > ani ® t' ia t M IC tme t"* 1 * elapses is ^ ~ j— -- . 


1+f 

1-e* 


Let u be the velocity of the particle when it first hits the plane, so 
that u 2 =2gh. 

By Art. 121, Cor. 1, the particle rebounds with velocity eu. 

The velocity when it again hits the plane is eu , and the velocity 
after the second rebound is ehi. 


Similarly the velocity after the third, fourth, ... rebounds is e % u, 

ehi, .... 

The height to which the particle ascends after the first, second, ... 

, , eW (eW (e*u)a . .. „ M 

rebounds are -g- , ... i.e., e*/i, e*h, e?h t ... . 
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Hence the whole space described 

= h+ 2 (eVi + e*h + e a h + ...ad inf.) 

= h+2h lZJV 

by summing the infinite geometric progression, 


= h 


1-e 2 ’ 


/2k 
“V 9 ’ 


Also the time of falling originally 

The times of ascending after the impacts are the times in which 
the velocities eu, e 2 u> ... are destroyed by gravity. 

TT ,. eu ehi c*u . /2h „ /2k 

Hence these times are — , — , — ... i.e. t e. — , e* A / — , 

9 9 9 V 9 V 9 

Hence the whole time during which the particle is in motion 

= ^/y+ 2 - -y/j [«+«*+«*+ ••• *»/■] 

III theory therefore we have an infinite number of rebounds taking 
place in a finite time; in practice after a few rebounds the velocity of 
the ball becomes destroyed. 

Since the height to which the particle rebounds after the first 
impact is e 2 h, i.c. e 3 times the height from which it fell, 

^ _ height of rebound 
” height of falling 

Hence the value of e for a given ball and a given floor may be 
easily found by experiment. For, if the ball be let fall from a given 
suitable height, it will be easy to find the height of rebound after a 
few trials, and then we easily have e 2 . 




From a point in a smooth horizontal plane a particle is 
prqjcZWtf with velocity u at an angle a to the horizon; if the coefficient 
of restitution between the particle and the plane be e, shew that the 
distance described along the plane before the particle ceases to rebound 

. u 2 sin 2a 

t8 — . 

9 1-e 

The initial vertical velocity is u sin a. 

The initial vertical velocities after the first, second,... rebounds 
are, os in the last example, eusina, Busina, Busina,.... 

Hence the time between the first and second rebounds is, as in 

Art. 105, 2 € ^^. 

9 


L. D. 
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So the times in the other trajectories are 2 2 gSliS ^ n ° 

9 9 

Hence the total time that elapses before the particle ceases to 
rebound 


2usina 

~~0 
2 u sin a 

9 


2tfwsina sin a , . , 

+ + ... ad inf. 


9 

[l + e + e 2 +...]= 


2 u sin a 1 


During this time the horizontal velocity, being unaltered by tho 
impacts, is always u cos a. 

Hence the horizontal distance described 

2 u sin a 1 u 2 sin 2a 

= z. x u cos a = — j= r . 

9 1 ~ e 9( 1-c) 

After the particle has ceased to rebound, it moves along the plane 
with constant velocity u cos a. 


EXAMPLES. XXII. 

An elastic particle is projected so that it hits a vertical wall 
anareturns after impact to the point from which it was projected, 
without hitting the ground. If the angle of projection be a, and tho 
direction of the path of the particle when it again reaches the point 
of projection make an angle ft with the horizontal, shew that 
tana=etan£, where e is the coefficient of restitution. 

Shew that an elastic sphoro let fall from a height of 16 feet 
above a fixed horizontal table will come to rest in 8 seconds, after 
describing 65 feet, supposing the coefficient of restitution to be 


* 3 . A ball falls from a height of 48 feet upon an elastic horizontal 
plane ; if the coefficient of elasticity bo J , find the total spaco described 
by the sphere before it finally comes to rest, and the time, that elapses. 

* 4 . A particle is projected from a point in a horizontal plane with 
a velocity of 64 feet per second at an angle of 30° with the horizon ; 
if the coefficient of restitution be J , find the distance described by it 
horizontally before it ceases to rebound, and the time that elapses. 

A ball falls vertically for 2 seconds and hits a plane inclined 
at 80° to the horizon ; if tho coefficient of restitution be J, shew that 
the time that elapses before it again hits the plane is 8 seconds. 

* 0. A perfectly elastic ball is dropped from the top of a tower 
of height h f and when it has fallen half-way to the ground it strikes 
a smooth rigid projecting stone inclined at 45° to the horizon; find 
where it will reach the ground. 
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• 7. A ball, at rest on a smooth horizontal plane at the distance of 
one yard from a wall, is impinged on directly by another equal ball 
moving at right angles to the wall with a velocity of a yard per 
second. If the coefficients of restitution between the balls, and the 
balls and wall, be each J , shew that they will impinge a second time 
at the end of 2*4 seconds, the radii of the balls being of inconsiderable 
magnitude. 

• Qy Two equal marbles, A and B, lie in a smooth horizontal 
circular groove at opposite ends of a diameter; A is projected along 
tho groove and at the end of time t impinges on B; shew that a 

2 1 

second impact will occur at the ond of time — . 


A 9. Two marbles, of equal diameter but of masses IOmi and 11m , 
are projected from the same point with velocities, equal in magnitude 
but opposite in direction, alorjg a circular groove; where will the 
second impact take place if the coefficient of restitution be J? 

• (id) A sphere, of mass m, impinges obliquely on a sphere, of 
massif, which is at rest. Shew that, if m = fi/, the directions of 
motion of the spheres after impact are at right angles. 

v 11. A sphere impinges on a sphere of equal mass which is at 
rest; if tho directions of motion after impact bo inclined at angles 
of 30° to tho original direction of motion of the impinging sphere, 
shew that the coefficient of restitution is J-. 

# 12. A ball impinges on another equal ball moving with the same 
speed in a direction perpendicular to its own, tho line joining the 
centres of the balls at the instant of impact being perpendicular to the 
direction of motion of the second ball ; if e be the coefficient of resti- 
tution, shew that the direction of motion of tho second ball is turned 

1 4 * 6 

through an angle tan” 1 — . 

• 13. ^wo equal smooth clastic spheres, moving in opposite parallel 
directions with equal speeds, impinge on one another; if the inclina- 
tion of their directions of motion to the line of centres be tan” 1 ^, 
where e is the coefficient of restitution, shew that their directions of 
motion will be turned through a right angle. 

j 14. Two equal balls are in contact on a table ; a third equal ball 
strikes them simultaneously and remains at rest after the impact; 
shew that the coefficient of restitution is §. 

i 15. The masses of five balls at rest in a straight line form a 
geometrical progression whose ratio is 2, and their coefficients of 
restitution are each § . If the first ball be started towards the second 
with velocity u t shew that the velocity communicated to the filth 

la <f) 4 «. 
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Exs. XXII 


1 16. A ball of given elasticity slides from rest down a smooth 
inclined plane, of length Z, which is inclined at an angle a to the 
horizon, and impinges on a fixed smooth horizontal plane at the foot 
of the former; find its range on the horizontal plane. 

1 17. A heavy elastic ball fulls from a height of n feet and meets a 
plane inclined at an angle of 60° to the horizon; find tho distance 
between tho first two points at which it strikes the plane. 

18. An inelastic ball, of small radius, sliding along a smooth 
horizontal plane with a velocity of 16 feet per second, impinges on a 
smooth horizontal rail at right angles to its direction of motion ; if 
the height of the rail above the plane be one half the radius of the 
ball, shew that the latus rectum of the parabola subsequently de- 
scribed is one foot in length. 

19. A particle is projected along a smooth horizontal plane from 
a given point A in it, so that after impinging on an imperfectly elastic 
vertical plane it may pass through another given point B of the 
horizontal plane ; give a geometrical construction for the direction of 

projection. 

« 

20. A smooth circular table is surrounded by a smooth rim whose 
interior surfoco is vertical. Shew that a ball, whoso coefficient of 
restitution is e , projected along the table from a point in the rim in a 

/ 

direction making an angle tan -1 j + - — ^ with the radius through 

the point, will return to tho point of projection after two impacts 
on the rim. Provo also that when the ball returns to the point of 

projection its velocity is to its original velocity as : 1. 

If the angle that its direction of projection makes with the radius 

a 

be tan -1 c- , shew that it will return to the point of projection after 
three rebounds. 

21. Two elastic particles are projected simultaneously from a 
point in a smooth horizontal plane ; shew that their centre of gravity 
will describe a number of arcs of the same parabola in different 
positions. 



CHAPTER IX. 

THE HODOGRAPH AND NORMAL ACCELERATIONS. 

130. In the following chapter we shall consider the 
motion of a particle whi^i moves in a curve. It will be 
convenient, as a preliminary, to explain how the velocity, 
direction of motion, and acceleration of a particle moving 
in any manner may be mapped out by means of another 
curve. 

131. Ho do graph. Def. If a particle be moving 
in any path whatever , and if from any point 0 , fixed in 
apace , we draw a straight line OQ parallel and proportional 
to the velocity at any j)oint P of the path . , the curve traced out 
by the end Q of this straight line is called the hodograph of 
the path of the particle . 

[The word Hodograph is derived from two Greek words 
oSos (pronounced Hodos) meaning “a path,” and ypdfaiv 
(pronounced Graphein) meaning “to write.”] 

It is so called because it represents graphically to the 
eye the velocity and acceleration of the moving point. 

132. Theorem. If ike hodograph of the path of a 
moving point P be drawn, then the velocity of the corre- 
sponding point Q in the hodograph represents , in magnitude 
and direction , the acceleration of the moving point P in its 
path. 
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Let P and P' be two points on the path close to one 
another ; draw OQ and OQ' parallel to the tangents at P 
and P' and proportional to the velocities there, so that Q 
and Q arc two points on the hodograph very close to one 
another. 

Whilst the particle has moved from P to P' its velocity 
has changed from OQ to OQ, and therefore, as in Art. 27, 
the change of velocity is represented by QQ'. 

Q' 


O 

Now let P f be taken indefinitely close to P, so that 
QQ' becomes an indefinitely small portion of the arc of the 
hodograph. 

If r be the time of describing the arc PP' f then, by 

. no j i - r* change of velocity in time r 

Art. 28, the acceleration of P 5 

T 

QQ' 

= - : velocity of Q in the hodograph. 

T 

Hence the velocity of Q in the hodograph represents, 
in magnitude and direction, the acceleration of P in the 
path. 

133. Examples. 1, The hodograph of a point describing a 
circle with uniform speed is another circle which the corresponding 
point describes with uniform speed. For, in this case, Bince the 
magnitude of the velocity of P is constant, the line OQ is constant in 
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length, and therefore Q always lies on a circle whose centre is 0. 
Also, since the point P describes its circle uniformly, the tangent at 
P turns through equal angles in equal times, and therefore the line 
OQ turns through equal angles in equal times. 

2. The hodograph of a point describing a straight line with con- 
stant acceleration is a straight line, which the corresponding point 
describes with constant velocity. For, in this case, the line OQ is 
always drawn in a fixed direction and the velocity of Q , being equal 
in magnitude to the constant acceleration of P, is also constant. 

Normal Acceleration. 

134. We have learnt from the First Law of Motion 
that every particle, once in motion and acted on by no 
forces, continues to move in a straight line with uniform 
velocity. Hence it will not describe a curved line unless 
acted upon by some external force. If it describe a curve 
with uniform speed, there can be no force in the direction 
of the tangent to its path, or otherwise its speed would be 
altered, and so the only force acting on it is normal (that 
is, perpendicular) to its path. If its speed be not constant, 
there must in addition be a tangential force. 

In the following articles we shall investigate the simple 
caso of the normal acceleration of a particle moving in a 
circle with constant speed. 

135. Theorem. If a •particle describe a circle of 
radius r with uniform speed v } to shew that its acceleration 

. 

is — directed toward the centre of the circle . 

r 

Let P and P' be two consecutive positions of the moving 
particle and Q and Q' the corresponding points on the hodo- 
graph. Since the speed of P is constant, the line &Q 
is of constant length, and therefore the point Q moves 
on a circle whose radius is v ; also the angle QO'Q' is equal 
to the angle between the tangents at P and P' and there- 
fore is equal to the angle POP \ 
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Hence the arc QQ ' : the arc PP ' : : O'Q : OP ::v:r. 

Also the velocities of Q and P are proportional to the 
arcs QQ ' and PP . 



Hence the velocity of Q in the hodograph : v : : v : r. 

r 2 

velocity of Q = — . 

But the point Q is moving in a direction perpendicular 
to O’Q and therefore parallel to PO ; also the acceleration 
of the point P is equal to the velocity of Q (Art. 132), 

Hence the acceleration of P is — in the direction PO . 

r 

If the speed v be not constant but variable it can be shewn 
(Elementary Dynamics , Art. 157) that the normal acceleration is 

still 

r 

Cor. 1. If to be the angular velocity of the particle 
about the centre 0, we have v = rtu, and the normal accele- 
ration is therefore uPr. 

Cor. 2. The force required to produce the normal 
acceleration is m — , where m is the mass of the particle. 
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136 . Without the use of the hodograph, a proof of the very 
important theorem of the last article can be given as follows. 

Let P be a point on the circle very close to P. Draw the tangent 
P'T at P' to meet the tangent, Px, at P in T. 

Join P and P' to the centre, 0, of the circle. 

Since the angles at P and P' are right angles, a circle will go 
through the points 0, P, T and P', and hence l P' T.c 

= supplement of P'TP—P0P'=6. 

Let v be the speed in the circle, and let t be the time of describing 
the arc PP\ 

In time r a velocity parallel to PO has been generated equal to 
v sin 0 . 

Hence the acceleration in the direction P0= - - in ^ (when r, and 

. ’ T 

therefore 0 , is taken very small) 

_ v . 0 __ v arc PP / __ v arc PP' 
r ~ r " OP ~~ r * r 



But, since v is the speed in the circle, therefore 

T 
V 2 

Hence the required acceleration = — . 

As in Art. 135, Cor. 1, this acceleration is equal to rw 9 , where w is 
the angular velocity. 

v 9 » 

Also the force towards the centre must be m - . 
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137. The force spoken of in the preceding articles, 
which is required to cause the normal acceleration of a 
body, may be produced in many ways. 

For example, the body may bo tethered by a string, 
extensible or inextensible, to a fixed point. 

Again, the force may be caused by the pressure of a 
material curve by means of which the body is constrained 
to move in a curve; for example, a* train may be made to 
describe the curved portion of a railway lino by means of 
the pressure of the rails on the flanges of its wheels. 

The force may also be of the nature of an attraction 
such as exists between the sun and earth, and which com- 
pels the earth to describe a curve about the sun. 

138. When a man whirls in a circle a mass tied to 
one end of a string, the other end of which is in his hand, 
the tension of the string exerts the necessary force on the 
body to give it the required normal acceleration. But, by 
the third law of motion, the string exerts upon the man’s 
hand a force equal and opposite to that which it exerts 
upon the particle; these two forces form the action and 
reaction of which Newton speaks. It appears to the man 
that the mass is trying to get away from his hand. For 
this reason a force, equal and opposite to the force neces- 
sary to give the particle its normal acceleration, is often 
called “its centrifugal force,” i,e . centre-avoiding force. 
This may however be a somewhat misleading term; it 
seems to imply that the force belongs to the mass instead 
of being an external force acting on the mass. It also 
appears to imply that the particle wants to get away from 
the centre of the curve and is prevented from doing so; 
this is clearly not so; the particle would, if it were not 
prevented, move along the tangent to the curye, i.e, along 
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tho line Px of the figure of Art. 136; it has no wish, or 
tendency, to move in the direction OP. 

A somewhat loss misleading term is “ centripetal force,” 
i.e. centre-seeking force. \ 

We shall avoid the use of cither expression; the student 
who meets with them in the course of his reading will 
understand that the second of them means “the force 
which must act on the mass to give it the acceleration 
normal to the curve in which it moves,” and that the first 
means a force equal and opposite to this. 

This latter force (the so-called centrifugal force) is the 
force which acts on tho body which causes the particle to 
describe its curved path, e.g . it is the force acting on the 
rails in tho case of a railway train going round a curve, 
or on the man’s hand in the case cited above. 

139. Ex. 1. A particle , of mas* ‘Alb*., moves on a smooth table 
with a velocity of 4 feet per second , briny attached to a fixed point on 
the table by a string of length 5 feet; find the tension of the string . 

Here v=4, and r= 5. 

Therefore, by Art. 135, the acceleration toward the fixed point is 



Hence the tension of the string 

0 16 48 , . , . 48 . 3 , , 

=3 x poundals=wt. of = — ^ , i.e., of a pound. 

5 5 ox 62 10 

Bx. 2. A particle , of mass fit, moves on a horizontal table and is 
connected by a string , of length Z, with a fixed point on the table; if 
the greatest weight that ' the string can support be that of a mass of M 
pounds , find the greatest number of revolutions per second that the 
particle can make without breaking the string. 

Lot n be the required number of revolutions, so that tho velocity 
of the mass isn.2?2. 

4ir £ it s Z a 

Therefore the tension of the string =?« . — j — poundals. 

Hence Mg=imirhiH y so that n=^ 

If the number of revolutions were greater than this number, the 
tension of the string would be greater than the string could exert, and 
it would break. 
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EXAMPLES. XXIII. 

' 1. A string is 3 feet long, find has one end attached to a fixed 
point on a smooth horizontal table ; if a mass of 5 lbs. tied at the 
other end of the string describe uniformly a horizontal circle with 
speed 6 feet per second, find the tension of the string. 

2. A string is 4 feet long and can just support a weight of 9 lbs. ; 
a mass of 8 lbs. is tied at its end and revolves uniformly on a 
horizontal table, the other end of the string being attached to a fixed 
point on the table ; find the greatest number of revolutions per 
minute that can be mode by the string without its breaking. 

3. A string, 5 feet long, can just sustain a weight of 20 lbs. ; if 
the revolving mass be 5 lbs., determine the greatest number of 
complete revolutions that can be mode in one minute by the string 
without its breaking. 

4. A string, 2i- feet long, has a mass of one pound attached to 
one end and the other end is attached to a fixed point ; if the mass he 
whirled round in a horizontal circle, whose centre is the fixed point, 
and if the resulting tension of the string be equal to the weight of 
5 pounds, shew that the string is making about 76 revolutions per 
minute. 

5. The tension of a string, one end of which is fixed and to the 
other end of which is attached a mass which revolves uniformly, is 9 
times the weight of the revolving mass ; find the velocity of the mass 
if the length of the Btring be 2 feet. 

6. With what number of turns per minute must a mass of 10 
grammes revolve horizontally at the end of a string, half a metre in 
length, to cause the same tension in the string as would be caused by 
a mass of one gramme hanging vertically ? 

7. A locomotive engine, of mass 10 tons, moves on a curve, of 
radius 600 feet, with a velocity of 30 miles per hour; what force 
tending toward the centro of the curve must be exerted by the rails 
so that this may be the case ? 

8. If, in the previous question, the mass of the engine be 12 tons, 
its velocity 60 miles per hour, and the radius of the curve 400 yards, 

, what is the required force ? 

140 . The Conical Pendulum. J£ a particle be 
tied by a string to a fixed point 0 , and move so that it 
describes a circle in a horizontal plane, the string describing 
a cone whose axis is the vertical line through 0 9 then the 
string and particle together are called a conical pendulum. 
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When the motion is uniform, the relations between the 
velocity of the particle and the length and inclination 
of the string are easily found. 



Let P be the particle tied by a string OP , of length l, 
to a fixed point G . Draw PN perpendicular to the vertical 
through 0 . Then P describes a horizontal circle with N 
as centre [ dotted in the figure]. 

Let T be the tension of the string, a its inclination to 
the vertical, and v the velocity of the particle. 

By Art. 135, the acceleration of P in the direction PN 

is tttt j and hence the force in that direction must be 
PN 

v 2 


l sin « 


Now the only forces acting on the particle are the 
tension, T, of the string and the weight, mg, of the 
particle. 

Since the particle has no acceleration in a vertical 
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direction, the forces acting upon it in that direction must 
balance, and hence we have • 

T cos a = Ttiy (1). 

Also 7* sin a is the only force in the direction PN \ and 

hence T sin a = — (2). 

I sin a 

v* (f 

From (1) and (2), we have 7—.—— . 

' 7 l sin 2 a cos a 

If the particle make n revolutions per second, then 

v — n. 27i PN — 27 ml sin a. 

47 7*71*1 - — — , that is, cos a - - f — -- (3). 

cos a iirWl v 7 

Hence, by (1), T - imnWl poundals (4). 

Hence the tension of the string : weight of the particle 

: : irrriH : g. 

The equations (3) and (4) give a and T. 

The time of revolution of the particle 

_ 27 rl sin « _ 9 ll cos a _ 9 I ON 
v ""Y g V g~* 

and therefore varies as the square root of the depth of the 
particle below the fixed point. 

141. Governors of steam engines. It is generally desirable 
that engines of the stationary kind should run at a constant speed. 
Their speed is therefore usually controlled by a Governor; this 
generally consists of two heavy revolving balls which are attached 
at the ends of light rods, the other ends of which are connected with 
a vertical shaft driven by the engine. 

A simple form, known as Watt’s Governor, is shewn in the figure. 
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When the shaft runs too fast the balls rise and lift the mechanism 
at c; by means of levers attached to it the 
valve regulating the supply of steam is 
partially closed and tho speed is lessened : 
so when the shaft runs too slowly the balls 
fall and the supply of steam is increased. 

The governor thus automatically regulates 
the supply of steam, so that tho engine 
runs at approximately a constant speed. 

From the last result of Art. 140 it follows 
that, for a governor of a steam engine 
rotating 60 times per minute, tho height 
is about 9*78 inches ; for one making 100 
revolutions per minute the height is 3-52 
inches ; this latter height is too small for practical purposes except 
for extremely small engines. 

In order that governors may run at a high speed they are therefore 
usually loaded by means of a spring or weight so adjusted as to keep 
c lower than it would be in an unloaded governor. 

142. Motion of bicycle rider on a circular path. When a 
man is riding a bicycle on a curved path he always inclines his body 
inwards towards the centre of his path. By this means the reaction 
of the ground becomes inclined to the vertical. The vertical com- 
ponent of this reaction balances his weight, and the horizontal 
component tends towards tho centre of the path described by the 
centre of inertia of the man and his machine, and supplies tho 
necessary normal acceleration. 

143. Motion of a railway carriage on a curved portion of 
the railway line. When the roils are level, the force to give tho 
carriage the necessary acceleration toward the centre of curvature of 
its path is given by the action of the rails on tho flanges of the wheels 
with which tho rails are in contact. In order, however, to avoid the 
large amount of friction that would be brought into play, and the 
consequent wearing away of the rails, the outer rail is generally raised 
so that the floor of the train is not horizontal. The necessary inclina- 
tion of the floor, in order that there may be no action on the flanges, 
may be easily found as follows. 

Let v be the velocity of the train, and r the radius of the circle 
described, by its centre of inertia G. 

Let the figure represent a section of the carriage in the vertical 
plane through the line joining its centre of inertia to the oentre, O, 
of the circle which it is describing, and let the section meet the rails 
in the points A and B. 

[ The wheels are omitted far the convenience of the figure,] 
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Let 11 and S be the reactions of the rails perpendicular to the floor 
AB, and let 0 be the inclination of the floor to the horizon. 



The resolved part, (22 + S)sin0, of the reactions in the direction 
GO supplies the force necessary to cause the acceleration towards the 


centre of the curve. 

(22 + S) sm0~m~ (1). 

Also the vertical components of the reactions balance the weight. 

(R+S) cos 0= mg (2). 

v 2 

From (1) and (2) , tan 0 = — (3) , 

giving the inclination of the floor. 


If the width All be given, we can now easily determine the height 
of the outer rail above the inner ; for it is equal to AB sin 0 . 

It will be noted that the height through which the outer rail must 
be raised in order that there may be no horizontal thrust on the flanges 
depends on the velocity of the train. In practice the height is 
adjusted so that there is no thrust for trains moving with moderate 
velocities. For trains moving with higher velocities, the horizontal 
thrust of the rails on the flanges supplies the additional force required. 

This thrust may be found as follows. Assuming that the height 
of the outer rail has been so adjusted that there is no side thrust for 
trains travelling with velocity v , let X be the side thrust, reckoned from 
B towards A , when the velocity of the train is V. Then instead of 
equations (1) and (2) we have, (if the above figure be used with the 


addition o i a force X along BA), 

(R + S) sin 0+X cos 0=m~ (4), 

and (Ifc+S) cos 0-X sin0 =mg (5). 
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Hence we have 

F a 

X= m — cos 0 - mg sin 6 
= HI cos 0 

rp-i; 2 ! 

=7/i cos 0 — - — , by equation (3). 

If V exceed v, X is positive, and the side thrust is caused by the 
outer rail at B. 

If V bo less than v, X is negative and therefore acts from A to B, 
so that the side thrust is in this case caused by the inner rail at A. 

144. Rotating sphere. A smooth hollow sphere is rotating with 
uniform angular velocity w about a vertical diameter; to sheio that a 
heavy particle placed inside , and rotating with it, will only remain 
resting against the side of the'spherc at one particular level, and that, 
if the angular velocity fall short of a certain limit, the particle will 
only rest at the lowest point of the sphere. 

Let AB he the axis of rotation of the sphere, A being the highest 
point, and let 0 be the centre ; let P bo the position of the particle 
when in relative equilibrium and PN tho perpendicular on AB. 

Now P describes a circle about N as centre with angular velocity 
w, and therefore the force towards N must be mu* . PN, or muPa sin 0, 
where a is the radius of the sphere and 0 the angle POB. 


A 



b Ym g 


The horizontal component of the normal reaction, R, at P supplies 
this horizontal force, and the vertical component balances the weight 


of the particle. 

Hence .Rsinfl^robftisintf (1), 

and R cos 0= mg (2). 
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From equation (1) we have, either sin 0 =0, or R=rru^a. 
Substituting for It in (2), we have 

cos 0 — - (3). 

Hence the particle is either at the lowest point, whero sin 0=0, 
or at a point determined by equation (3). 

The value of 0 given by (3) is impossible unless <j< « 2 a, unless 

the angular velocity u is greater than 2 . If the angular velocity 

be less than this quantity, the only position of relative rest of the 
particle is at the lowest point of the sphere. 


EXAMPLES. XXIV. 


1. A mass of 4 pounds is tied at the end of a string, of length 
3 feet, and revolves as a conical pendulum, the string being always 
inclined to the vertical at an angle of 45°; find tho tension of the 
string and the velocity of the particle. 

2. Shew that the inclination to the vertical of the string of a 
conical pendulum, when the string is 20 inches long and the pendulum 
revolves 200 times per minute, is 

54 

cos"* ., i.e., about 87° 30'. 

3. A string, of length four feet, and having one end attached to a 
fixed point and the other to a mass of 40 pounds, revolves, as a conical 
pendulum, 30 times per minute ; show that the tension of the string 

is lOOir 2 poundals, and that its inclination to tho vertical is cos- 1 

i.e., about 35° 51'. 

4. A heavy particle which is suspended from a fixed point by a 
string, one yard long, is raised until the string, which is kept tight, 
makes an angle of 60° with the vertical, and is then projected hori- 
zontally in the direction perpendicular to the vertical plane through 
the string; find the velocity of projection so that the particle may 
move in a horizontal plane. 

^ 5. A railway carriage, of mass 2 tons, is moving at the rate of 
60 miles per hour on a curve of 770 feet radius; if the outer rail 
be not raised above the inner, shew that the lateral thrust of the 
outer rail is equal to the weight of about 1408 pounds. 
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6. A train is travelling at the rate of 40 miles per hour on a 
curve, the radius of which is a quarter of a mile. If the distance 
between the rails be five feet, find how much the outer rail must 
be raised above the inner, so that there may be no lateral thrust on 
the rails. 

7. A train is travelling at the rate of 30 miles per hour on a 
curve the radius of which is 400 yards. If the distance between the 
rails be five feet, find how much the outer rail must be raised above 
the inner so that there may be no lateral thrust on the rails. 

«. 8. A railway carriage moves on a circular curve; find to what 

height the outer rail must be raised above the inner so that there may 
be no lateral thrust on the rails if the radius of the curve be 1320 feet, 
the breadth between the rails 5 feet, and the carriago have a velocity 
of 45 miles per hour. 

9. A mass is hung from the roof of a railway carriage by means 

of a string, six feet long; shew that, when the train is moving on 
a curve of radius 100 yards at the rate of/ 30 miles per hour, the 
mass will move from the vertical through a distance of 1 fopt 2 J inches 
approximately. ^ 

10. A bowl, 3 inches deep, is made from a spherical surface 
whoso radius is 6 inches and rotates about its vertical axis. Find 
the greatest number of revolutions which it can make in a minute, 
if a particle can rest on its surface without being thrown out. 

11. If 2 0 be the vertical angle of a smooth hollow cone, whose 
axis is vertical and vertex downwards, shew that the distance from 
its axis of a body, moving in a circle on its surface and making 
n revolutions per second, is 

g cot0 
4 ' 

12. The sails of a windmill are about 29 feet long, and revolve 
10 times per minute ; shew that a man clinging to the outer end 
of one of these sails would, at the highest point of his path, experience 
no reaction from the sail, and therefore could for a moment leave 
go without falling. 

13. A heavy particle is connected by an inextensible string, 
3 feet long, to a fixed point, and describes a circle in a vertical plane 
passing through the fixed point, making 600 revolutions per minute ; 
neglecting the Bmall variations in the speed of the particle, find the 
ratios of the tensions of the string in its two vertical positions and in 
its horizontal position. 

14. Two particles, of the same mass, are fastened respectively 
to the middle point and one extremity of a weightless string, and are 



DYNAMICS 


180 


Exs. 


laid upon a smooth table, the other end of the string being fastened 
to a point in the tabic. 

If the string be pulled tight, and the particles be so projected that 
they always remain in a straight line, shew that the tensions in the 
two portions of the string are as 3 : 2. 

15. A train, moving in a straight line with velocity v , comes to a 
curve of radius r; shew that the mean slope of the surface of the 
water in a fixed tumbler carried by the train, or the mean deflection 
of a plummet attached by a short cord, will be 


16. A particle, of mass m, is fastened by a string, of length Z, to a 
point at a distance b above a smooth table ; if the particle be made to 
revolve on tho table n times per second, find the reaction of the table. 
What is the greatest value of n, so that the particle may remain in 
contact with the table ? 


17. A wet open umbrella is held with its handle upright and 
made to rotate about it at the rate of 14 revolutions in 33 seconds. 
If the rim of the umbrella be a circle of one yard in diameter, and its 
height above the ground be four feet, shew that the drops shaken off 
from the liin meet tho ground in a circle of about five feet in diameter. 
If the ma63 of a drop bo *01 of an ounce, shew that the force necessary 
to keep it attached to the umbrella is about ‘021 of a poundal and is 
inclined at an angle tan -1 J to the vertical. 

18. A particle, of mass ?», on a smooth table is fastened to one 
end of a fine string which passes through a small hole in the table 
and supports at its other end a particle of mass 2 m, the particle m 
being held at a distance c from the hole. Find the velocity with 
which m must be projected, bo that it may describe a circle of 
radius c. 


19. Two masses, m and ra', are placed on a smooth table and 
connected by a light string passing through a small ring fixed to the 
table. If they be projected with velocities v and v' respectively at 
right angles to the portions of the string, which is initially tight, find 
the ratio in which the string must be divided at the ring, so that both 
particles may describe circles about the ring as centre. 

20. Two masses, m and are connected by a string, of length c, 
which passes through a small ring ; find how many revolutions pet 
second the smaller mass, m\ must make, as a conical pendulum, in 
order that the greater mass may hang at rest at a distance a from the 
ring. 
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21, A string, passing through a small hole in a smooth hori- 
zontal tabic, has a small sphere, of mass m, attached to each end of 
it ; the upper Bphere revolves in a circle on the table when suddenly 
it Btrikcs an obstacle and loses half its velocity ; find what diminution 
must be made in the mass of the lower sphere, so that the upper one 
may continue rotating in a circle. 

22, A string PAQ passes through a hole A in a smooth table, 
the portion AP lying on the table, and AQ being at an angle of 45° 
to the vertical, and below the table, so that P and Q are in the 
same vertical line. If masses be attached at P and Q and, the 
strings being stretched, bo each projected horizontally, find the ratio 
of the masses, so that the plane PA Q may always be vertical and the 
angle PA Q always 45°. If the string be four feet in length, find the 
time of revolution. 

23, A body, of mass in, moves on a horizontal table being 
attached to a fixed point on the table by an extensible string 
whose modulus of elasticity is X ; given the original length a of the 
string, find the velocity of the particle when it is describing a circlo of 
radius r. 


24. A particle is attached to a point A by an elastic string, whose 
modulus of elasticity is twice the weight of the particle and whose 
natural length is Z, and whirled so that the string describes the surface 
of a cone whose axis is the vertical line through A . If the distance 
below A of the circular path during steady motion be Z, shew that the 
velocity of the particle must be Jfyi. 

25. In Ex. 8 find the lateral thrust when the velocity is (1) 30, 
(2) 60 miles per hour, the mass of the carriage being 10 tons. 

In each case state which rail causes the thrust. 



CHAPTER X. 

MOTION ON A SMOOTH CURVE UNDER THE 
ACTION OF GRAVITY. 

145. The general case of the motion of a particle, 
constrained to move on a given curve under any given 
forces, is beyond the scope of the present book; so also 
is the motion of a particle constrained to move under 
gravity on a given curve. 

There is one proposition, however, relating to the 
motion of a particle under gravity which we can prove 
in an elementary manner, and which is very useful for 
determining many of the circumstances of the motion. 

146. Theorem. If a •particle slide down an arc of 
any smooth curve in a vertical plane , and if u be its initial 
velocity and v its velocity after sliding through a vertical 
distance A, to shew that v* = u 2 + 2gh. 

Let A be the point of the curve from which the particle 
starts, and B the point whose distance from A , measured 
vertically, is A. Draw AM and BN horizontal to meet any 
vertical line in M and N . 

Let P and Q be two points on the curve, very close to 
one another, and draw PR and QS perpendicular to MN . 
Then PQ is very approximately a small portion of a straight 
line. Draw QV vertical to meet PR in V. 
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The acceleration at P along PQ is g cos VQP and 
hence, if v P and v Q be the velocities at P and Q , wo have 
+ 2flrcos VQP.PQ = v P 2 + 2g . VQ . 
vj-Vp* = 2ff.VQ 9 

i.e. the cliange in tho square of the velocity is due to the 
vertical height between P and Q . Since this is true for 
every element of arc, it is true for the whole arc AB . 



Hence the change in the square of the velocity in passing 
from A to B is that due to the vertical height A, so that 
V s =-= u 2 + 2 gh. 

The theorem in tho preceding article may be deduced directly from 
the Principle of the Conservation of Energy. 

For, since the curve is smooth, tho reaction of the arc is always 
perpendicular to the direction of motion of the particle. Hence, by 
Statics , Art. 196, no work is done on the body by the pressure of the 
curve. The only force that does work is the weight of the particle. 

Hence, since the change of energy is equal to the work done, we 
have 

i mv 2 - = Work done by the weight =mgh. 

147. If, instead of sliding down the smooth curve, the 
particle be started along it with velocity w, so that it moves 
upwards , the velocity v when its vertical distance from the 
starting point is h is, similarly, given by the equation 
V s = w a - 2gh. 
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Hence the velocity of the particle will not vanish until 

it arrives at a point of the curve whose vertical height 

u 2 

above the point of projection is 


It will be noticed that the height to which the particle 
will ascend is independent of the shape of the constraining 
curve, nor need it continually ascend. The particle may 
first ascend, then descend, then ascend again, and so on ; 
the point at which it comes to rest finally will be at a 



above the point at which its velocity is u. 


It follows that, if a particle slide from rest upon a smooth 
arc, it will come to rest when it is at the same vertical 
height as the starting point. An approximate example is 
the Switch-back railway in which the car almost rises to 
the same height as that of the point at which it started. 
The slight difference between theory and experiment is 
caused by the resistance of the air and the friction of the 
rails which, although small, arc not quite negligible. 

The heavier the car, the less will be found to be the 
difference between theory and experiment. 

The expression for the velocity when the particle is at 
a vertical distance h from the starting point is the same, 
whether the particle be at that instant ascending or de- 
scending. 

The theorem of the last article is true, not only of 
motion under gravity, but also in any case of the motion 
of a particle on a smooth curve under the action of a con- 
stant force in a constant direction, e.g, in the case of 
motion on a smooth inclined plane, if we substitute for “g” 
the acceleration caused by the forces. 
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It is also true if we substitute for the constraining 
curve an inextensible string fastened to a fixed point, or 
a weightless rod which is always normal to the path of the 
particle. 

We cannot, in general, find the time of describing any 
given arc without the use of the Differential Calculus. 

148. Galileo’s Experiment. It is not easy to 
accurately perform experiments on a body sliding down 
a smooth curve; for it is practically impossible to get a 
smooth curve. We can however in the analogous case of 
a particle tied by a string verify experimentally the theorem 
of Art. 146. 

Tie a heavy body, such as a lead sphere, to one end of 
a light flexible string the other end of which is attached to 


A 



a fixed point A. Let the body swing about this point as 
centre in front of a blackboard. 

Mark the point B on the blackboard from which the 
sphere is allowed to jstart and through it draw a horizontal 
line BAfi % If the sphere be now allowed to swing about A , 
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it will be found to come to rest at a point C which is 
very nearly on the straight lino DA a . 

Now drive in a nail at a point A 1 vertically below A, 
the nail jutting out sufficiently to intercept the string. 
Start the sphere from the same point B as before ; it will 
describe the arc BD and will then move on an arc DC L 
about A l as centre. The point C l at which it comes to 
rest will be found to be very nearly on the horizontal 
straight line. Beverse the operation, starting the sphere 
from c i, and it will be found to describe the path C^B. 

Bepeat the experiment, driving in nails successively at 
A 2 and A z . In each case the same result will be obtained, 
viz., that if the sphere started from B it will come to rest 
at a point very nearly on the horizontal line through B. 

If it were not for the resistance of the air, which, 
though small, is appreciable, the points C ly C 2 , C z would 
be found to be accurately on the straight line BC. 

If a light ball be used, instead of the lead one, but of 
the same size, the resistance of the air has a greater elFect, 
and in this case the amount by which the ball falls short 
of the line BG will be found to be greater than in the case 
of the lead ball. 

The same results will follow if we drive in the nail at 
any point P of the board within the triangle ABC so that 
the string catches on the nail as it swings past. 

149. Motion on the outside of a vertical circle. 

A particle slides from rest at the highest point down the out- 
side of the a/rc of a smooth vertical circle; to shew that it 
will leave the curve when it has described vertically a distance 
equal to one third of the radius . 
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Lot 0 be the centre, and A the highest point of the 
circle. Let v be the velocity of 
the particle when at a point P of 
the curve, R the pressure of the 
curve there, and r the radius of 
the circle. Draw PN perpendi- 
cular to the vertical radius 0A f 
and let AN=h. 

Then v 2 = 2g . AN= 2gli. 

The force along PO is 
mg cos 0 — R, 

where 0 is the angle POA. ' 

But the force along PO must, by Art. 135, be m. — . 

r 

<y 2 

.*. m—= mg cos 0 — R. 

r — Zh 

= mg——. 

Now R vanishes, and changes its sign, when 3 h = r, i.e. t 
v 

when h = ^ . The particle will then leave the curve, and 

describe a parabola freely ; for, to make it continue on the 
circle, the pressure R would have to become a tension ; but 
this is impossible since the curve cannot pull the particle. 

150. Motion in a vertical circle. A particle , , of 
mass m, is suspended by a string , of length r y from a fixed 
point and lumgs vertically . It is then projected, with velo- 
city u, so that it describes a vertical circle ; to find the tension 
and velocity at any point of the subsequent motion , and to 
find also the condition that it may just make complete re- 
volutions. 
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Let 0 be the point to which the string is attached, and 
OA the vertical line through 0. 

Let v be the velocity of the 
particle at any point P of its 
path, and T the tension of the 
string there. 

Let PN be drawn perpendi- 
cular to OA , let AN —lh y and let 
the angle POA be 6. 

Then, by Art. 147, 

v 2 = u 2 -2gh (1). 

t ? 2 

Also, by Art. 135, m — = force at P along the normal, 
P0 9 to the path of the particle. 

^ 

m—~T — mg cos 0 = T — mg 

( 2 ). 

r r v ' 

These two equations give the velocity of the particle, 
and the tension of the string, at any point of the path. 

The particle will not reach the highest point B if the 
tension of the string become negative ; for then, in order 
that the particle might continue revolving in a circle, the 
pull of the string would have to change into a push, and 
this is impossible in the case of a string. 

Hence the particle will just make complete revolutions 
if the tension vanish at the highest point, where h = 2r. 

This, from (2), is the case if 

u 2 + g(r-Gr) = Q, 
u 2 = 5gr. 


B 



ie ., if 



MOTION ON A SMOOTH CURVE 189 

Hence, for complete revolutions, u must not be less 
than Jogr . 

When u= Jogr, the tension at the lowest point, by (2), 

= m = 6 mg poundals. 

Hence the string must, at the least, bo able to bear a 
weight equal to six times the weight of the body. 


*151. Newton’s Experimental Law. By using 
the theorem of Art. 147, we ,^an shew how Newton arrived 
at his law of impact as enunciated in Art. 118. 

Wo suspend two spheres, of small dimensions, by parallel 
strings OA and O'B, whose lengths are so adjusted that when 
hanging freely the spheres are just in contact with their 
centres in a horizontal line. 

One ball, A, is then drawn back, the string being kept 
tight, until its centre is at a height AM , ( = A), above its 
original position and is allowed to fall. Its velocity v on 
hitting the second ball Ji is J2gh. 
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Let v and v" be the velocities of the spheres im- 
mediately after the impact, and h! and h" the heights to 
which they rise before again coining to rest, so that 
v' = J2yti, and t?" - J 2gh 

The sphere A may either rebound, remain at rest, or 
follow after B. 

Taking the former case the velocity of separation is 
v+v", U, 

Also the velocity of approach was sf'iy . Jh. 

We should find that the ratio of ( Jh' + Jti') to Jh 
would be the same whatever be the value of h and the 
ratio of the mass of A to that of B, and that it would 
depend simply on the substances of which the masses 
consist. 

We have only considered one of the simpler cases. By 
carefully arranging the starting points and the instants of 
starting from rest, both spheres might be drawn aside and 
allowed to impinge so that at the instant of impact both 
were at the lowest points of their path. The law enun- 
ciated by Newton would be found to be true in all cases. 


EXAMPLES. XXV. 

1. A particle, of mass 5 lbs., hangs at the end of a string, 8 feet 
long, the other end of which is attached to a fixed point ; if it bo 
projected horizontally with a velocity of 25 feet per second, find tho 
velocity of the particle and the tension of the string, when the latter 
is (1) horizontal, and (2) vertically upwards. 

2. In the previous question, find the least velocity of projection 
that the par tick may be able to make complete revolutions, and the 
least weight that the string must be able to bear. 

3. A body, of mass m, is attached to a fixed point 0 by a string 
of length 8 feet ; it is held with the string horizontal and then let 
fall ; find its velocity when the string becomes vertical, and also the 
tension of the string then. 
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4. A smooth hoop y of diameter 9 feet, is j>laccd in a vertical 
plane, and a bead slides on the hoop starting from rest at the highest 
point of the hoop ; find its velocity, 

(1) at the lowest point, 

(2) at the end of a horizontal diameter, 

(3) when it has described one-third of the vertical distance to the 
lowest point, 

(4) when it has described one-third of the arcual distanco to the 
lowest point. 

5. A heavy particle is attached by a string, 10 feet long, to a 
fixed point, and swung round in a vertical circle. Find the tension 
and velocity at the lowest point of the circle, so that tlie particle may 
just make complete revolutions. 

6. A cannon, of mass 12 cwt*,; rests horizontally, being supported 
by two vertical ropes, each of length 9 feet, and projects a ball of 
mass 36 lbs. ; if the cannon be raised through 2-25 feet by the recoil, 
find the initial velocity of the ball, and the tension of the ropes at the 
instant of discharge and at the instant when the cannon first comes to 
rest. 

7. A small heavy ring can slide upon a cord, 34 feet long, which 
has its ends attached to two fixed points, A and B, in the same 
horizontal line and 30 feet apart. The ring starts — the string being 
tight — from a point of the string distant 5 feet from A ; shew that, 
when it has described a length of the cord equal to 3 feet, its velocity 
will bo 10*12 feet per second nearly. 

8. A particle slides down the arc of a vertical circle ; shew that 
its velocity at the lowest point varies as the chord of the arc of 
descent. 

9. A particle runs down the outside of a smooth vertical circle, 
starting from rest at its highest point ; find the latus rectum of the 
parabola which it describes after leaving the surface. 

10. A ball', of mass m, is just disturbed from the top of a smooth 
vertical circular tube, and runs down the interior of the tube im- 
pinging on a ball, of mass 2m, which is at rest at the bottom of tho 
tube ; if the coefficient of restitution be find the height to which 
each ball will rise in the tube after the impact. 

n; Two equal ivory balls are suspended by parallel threads, so 
that they are in contact, and so that the line joining their centres is 
horizontal, and two feet below the points of attachment of the threads. 
Determine the coefficient of restitution between the balls when it is 
found that, by allowing one ball to start from a position when its 
thread is inclined at 00° to the vertical, it causes the other ball after 
impact to rise through a vertical distance of 6f- inches. 
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12. A circular arc, subtending 30° at its centre, is fixed in a 
vertical plane so that its highest point is in the same horizontal 
plane with its centre, and a smoot^i particle slides down this curve 
starting from rest at its highest point. Shew that the latus rectum 
of the parabola, which it describes after leaving the curve, is half the 
radius of the circular arc. 

13. A weightless inextonsible string, of length 2 1 , is fastened at 
its extremities to two points A and B in tho same horizontal line, at 
a distance l apart, and supports a body G of mass m, tied to its 
middle point. If C bo projected perpendicular to the plane ACB 
with double the velocity requisite for it to describe a complete circle, 
find the greatest and least tension of the strings. 

If one portion of the string be cut when C is halfway between its 
highest and lowest points, find the subsequent motion. 

14. A smooth tube, in the form of 7 sides of a regular octagon 
each of whose sides is a, is placed so that one extreme side is lowest 
and horizontal and the other extreme side is vertical; an inelastic 
particle is just placed inside and connected by a string*passing through 
the tube with an equal particle hanging vertically ; find the velocity 
of the particles when the first leaves the tube, the corners of the tube 
being rounded off so that there is no impact. 

15. Shew that the effect of the rotation of the earth is to lessen 
the apparent weight of a body at the equator by of itself, tho 
earth being assumed to be a sphere of radius 4000 miles. 

Shew also that the apparent weight of a train at the equator, 
which is travelling east at the rate of a mile per minute, is decreased 
by about *004 of itself. 

16. A particle slides down a smooth curve, through a vertical 
height h y and thus acquires sufficient velocity to run completely round 
the inside of a vertical circle of radius r (as in the centrifugal railway) ; 
prove that 2 h must be greater than 5 r. 

17. In the experiment of Art. 151 the spheres are of equal mass 
and the lengths of the strings attached to them are equal ; the first 
descends through an arc whose chord is x, and the second ascends 
through an arc whose chord is y ; shew that the coefficient of restitu- 

.. . 2 y-x 

tion is — . 

X 

18. A small boll is tied to one end of an inelastic string the other 
end of which is attached to a fixed point O . It is held, with the 
string tight, at a point which is lj feet above 0 and then let fall ; 
if the length of the string be 3 feet, find its velocity immediately 
after the string again becomes tight and the height above O to which 
it subsequently rises. 



XXV MOTION ON A SMOOTH CURVE 


193 


19 . A particle is projected along the inner surface of a smooth 
vertical circle of radius a, its velocity at the lowest point being 

; shew that it will leave the circle at an angular distance 
cos -1 5 from the highest point and that its velocity then is \ J\ 5 ga. 

20. A bullet of mass 200 grammes is moving with a horizontal 
velocity of 400 metres per’sccond ; it hits the centre of a face of a cube 
of wood, of mass 20 kilogrammes, which is suspended by a string, 
and becomes embedded in it. Through what height does the wood 
move before corning to rest ? 

21 . A box of sand, of moss 2000 lb., is suspended by two equal 
vertical cords each 8 ft. long and a shot whose mass is 20 lbs. is fired 
into it in a horizontal direction passing through its centre of gravity 
and remains embedded ; if the centre of gravity of the box recoils 
through a circular arc the length of whoso chord is 6 feet, shew 
that the velocity of the shot *was 1212 ft. per sec. 

In general, if m and M be the masses of the bullet and box of 
sand, l be the length of each vertical cord, and k be the chord of 

recoil, the velocity of the shot is ~~~ ~ k • * 

[We can thus find the velocity of any bullet. We have only to 
determine experimentally the value of k .] 


L. D. 


i 



CHAPTER XI: 

SIMPLE HARMONIC MOTION. PENDULUMS. 

152. Theorem. If a point Q describe a circle with 
uniform angular velocity , and if P be always the foot of the 
perpendicular drawn from Q upon a fixed diameter AO A 1 
of the circle, to shew that the acceleration of P is directed 
towards ike centre , 0 , of the circle and varies as the distance 
of P from 0 , and to find the velocity of P and its time 
of describing any space . • 



Let a be the radius of the circle, and let the angle QOA 
be 0. Draw QT the tangent at Q to meet OA in T. 
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Let <o he the constant angular velocity with which the 
point Q describes the circle. 

Since P is always at the foot of the perpendicular to 
AA! drawn from Q , its velocity and acceleration are the 
same as the resolved parts, parallel to A 0, of the velocity 
and acceleration of Q . 

By Art. 135, Cor. I., the acceleration of Q is am 2 
towards 0. 

Hence the acceleration of P along PO = am 2 cos 6 = o> 3 . OP, 
and therefore varies as the distance of P from the centre 
of the circle. 

Also the velocity of P 

= ao> cos QTO — aio sin 0 - <*> . PQ = u> sta 2 — x 2 (1), 

where OP is x. 


This velocity is zeio at A and A\ and greatest at 0 . 


Also the acceleration vanishes, and changes its sign, as 

the point P passes through 0 . 

* 

The point P therefore moves from rest at A , has its 
greatest velocity at 0 , comes to rest again at A', and then 
retraces its path to A. 


Also the time in which P describes any distance AP 
- time in which Q describes the arc AQ 


0 1 

= — = - COS“ 

<■> 0) 

Hence the time from A to A* = - cos _1 (— 1) - 

o> <o 


-e 


( 2 ). 


Also the time from A to A' and back again to A 
2tt 

«s— 

O 


( 3 ) 


7—2 
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153. Simple Harmonic Motion. Def. If a 

point move in a straight line so that its acceleration is always 
directed towards , and varies as its distance from, a fixed 
point in the straight line , the point is said to move with 
simple harmonic motion . 

The point P in the previous article moves with simple 
harmonic motion. 

From the results (1), (2) and (3) of the previous article 
we see, by equating co 2 to /x, that if a point move with 
simple harmonic motion, starting from rest at a distance a 
from the fixed centre 0 , and moving with acceleration 
y . . OP, then 

(1) its velocity when at a distance x from 0 is 

V/i(a 2 — sc 2 ), 

(2) the time that has elapsed when the point is at a 

la; 

distance x from 0 is —j- cos -1 - , 

a 

and (3) the time that elapses before it is again in its initial 

... . 2ir 

position is — . 

The range, OA or OA\ of the moving point on either 
side of the centre 0 is called the Amplitude of the motion. 

The time that elapses from any instant till the instant 
in which the moving point is again moving through the 
same position with the same velocity and direction is called 
the Periodic Time of the motion. 

2 IT 

It will be noted that the periodic time, , Is 
Independent of the amplitude of the motion. 

154. From the result (2) of the previous article, it 
follows that, if t bo the time the moving point takes to 
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describe the distance from rest at a to the distance x, 
then 

x = a cos 

From (1) it then follows that the velocity v 
= fx [a 2 - d 1 cos 2 ( J fit)] 

— a x//T sin (Jiit). 

155. Examples of Simple Harmonic Motion. 

This motion is of frequent occurrence in Physical and 
Mechanical problems. 

It is the motion of a point of a tuning fork, and of a 
point in a violin string when the string is plucked sideways. 
The motion of a pendulum (Art. 158) is simple harmonic 
when the angle through which it moves is small ; so also is 
that of a mass tied to an elastic string or a spring and 
allowed to oscillate up and down in a vertical line. The 
motion of the revolving mass of a Conical Pendulum (Art. 
140) as seen from a distant point in its plane is simple 
harmonic ; and also that of Jupiter’s satellites when 
observed from a distant point in their plane. 

Generally the motion of all elastic bodies, in which the 
force brought into play is proportional to the displacement, 
follows the same law. 

The expression Simple Harmonic Motion is often shor- 
tened into s.u.M. 

166. Bz. 1. A point moves with simple harmonic motion whose 
period is 4 seconds; if it start from rest at a distance 4 feet from the 
centre of its path , find the time that elapses before it has described 
2 feet and the velocity it has then acquired . 

2 t 

If the acceleration be /i times the distance, we have -j- =4. 

When the point has described 2 feet it is then at a distance of 
2 feet from the centre of its motion. 



198 


DYNAMICS 


Hence, by Art. 153 (2), the time that has elapsed 


1 -i® 1 -i 

: — / — COS 1 - = - COS 1 

sJH a 7T 


« » 2 it 2 - 

4j=^ X 3 = 3 8COOnd - 


Also, by Art. 153 (1), the velocity it lias acquired 
— s/ (a J - .r- 4 ) = (')’ (4 2 - 2 2 ) =vy/3 feet per second. 

fix. 2. A point starts from rest at a distance of 16 feet from the 
centre of its path and moves with simple hafuionic motion ; if in its 
initial position the acceleration he 4 ft. -sec, units, find (1) its velocity 
when at a distance of 8 feet from the centre and when passing through 
the centre , and (2) its periodic time. 

(1) Let the acceleration be p times the distance. 

Then ,11x16=4, i.e /*=}-. 

Hence, by Art. 153 (1), its velocity when at a distance of 8 feet 
from the centre = (16 3 - 8 2 )= */48=4 */3 feet per second. 

Also its velocity when passing through the centre 

= . 162=8 feet per second. 

(2) Its periodic time =s ~ = 4 tt = about 12* seconds. 

v A 1 

fix. 3. A light spiral spring, whose unstretclied length is l cms. 
and whose modulus of elasticity is the weight of n grammes , 
is suspended by one end and lias a mass of m grammes at- 
tached to the other; shew that the time of a vertical 
oscillation of the mass is 


TO 


2t 


Im l 

V » ' g ' 


Let 0 be the fixed end of the spring, OA its position 
when unstretched. When the particle is at P , where OP=x , 
let T be the tension of the spring. Then, by Hooke’s 
Law, 


■f — a T — ng ^ • 


l 


Hence the resultant upward force on P^T -mg 
x-l ng r wH-w.T 

Let O' be a point on the vertical through 0 such that 
m+n. 


0(y= 


T t 
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Renee the resnltant upward force on P 

=-^.[OP-OC] = y . (TP. 

Bence the upward acceleration of P= — 4 CP, i.e., its motion is 
L ml 

simple harmonic about O' as centre, and its time of oscillation, by 
Art. 153, _ 

=2*"f- a/— y = 2 w a/— . 

\ ml V ng 

It will be noted that 0' is the point where the moss would hang at 
rest. For, if it were placed at rest at O', the upward tension would 

n 


and would therefore just balance its weight. 


00' -l 

—ng — =f jig |j 


EXAMPLES. XXVL 

1. A particle moves in a straight line with simple harmonic 
motion; find the time of an oscillation from rest to rest when 

(1) the acceleration at a distance 2 feet is 4 ft. -sec. units ; 

(2) the acceleration at a distance 3 inches is 9 ft. -sec. units ; 

(3) the acceleration at a distance one foot is 7r 3 ft.-sec. units. 

2. In each of the cases in the previous example, find the velocity 
when the point is passing through the centre of its path, the am- 
plitudes of the motions being respectively 2 feet, 3 inches, and one 
foot. 

3. A particle moves in a straight line with simple harmonio 
motion, and its periods of oscillation are (1) 2, (2) an d (3) a- seconds, 
respectively; the amplitude of its motion in each case is one foot; 
find the velocity of the particle when moving through the centre of 
its path. 

4. A point, moving with s.h.m., has a velocity of 4 feet per 
Becond when passing through the centre of its path, and its period 
is ir seconds ; what is its velocity when it has described one foot from 
the position in which its velocity is zero ? 

5. A point ,moves with b.h.m.; if, when at distances of S and 
4 feet from the centre of its path, its velocities are 8 and 6 feet 

second respectively, find its period and its acceleration when at 
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6. A mass of one gramme vibrates through a millimetre on each 
•side of the middle point of its path 256 times per second ; assuming 
its motion to be simple harmonic, shew that the maximum force upon 
the particle is jq (5127r) 2 dynes. 

7. A horizontal shelf moves vertically with s.h.m., whose 
complete period is one second ; find the greatest amplitude in centi- 
metres that it can have, so that objects resting on the shelf may 
always remain in contact with it. 

8. A mass of 12 lbs. is hanging by a light spiral spring which 
stretches one inch for each pound-weight of tension. If the upper 
end of the spring be instantaneously raised four inches and then 
held fast, find the amplitude and period of the subsequent motion 
of the mass. 

9. A weight is attached to the lower end of a light spiral spring 
whose upper end is fixed and is released. If it oscillate in a vertical 
line through a space of six inches, what is the period of its oscillation ? 

10. An elastic string, to the middle point of which a particle is 
attached, is stretched to twice its natural length and placed on a 
smooth horizontal table, and its ends are then fixed. The particle 
is then displaced in the direction of the string; find the period of 
oscillation. 


11. A rod AB is in motion so that the end B moves with uniform 
speed u in a circle whose centre is C, whilst the end A moves in a 
straight line passing through G. If AB=BC=a, and AC—x , shew 


that the velocity of A is u 
harmonic motion. 




and that it moves with simple 


[Hence we have a method of obtaining practically a simple 
harmonic motion. Let CB be a revolving crank and BA a connecting 
rod, of length equal to CB, attached to a point A, which, as in the 
case of the piston of a steam engine, is compelled to move in a 
straight line CA. Then the motion of A is simple harmonic.] 


157. Extension to motion in a curve . 

Suppose that a moving point P is describing a portion, 
AO A', of a curve of any shape, starting from rest at A 
and moving so that its tangontial acceleration is always 
along the arc towards 0 and equal to /* . arc OP, then the 
propositions of Art. 153 are true with slight modifications. 

For let CfB bo a straight line equal in length to the 
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arc OA , and let P* be a point describing it with acceleration 
/z.0T'; also let 0'P' = arc OP. 

Since the acceleration of P' in its path is always the 
same as that of P, Die velocities acquired in the same 
time are the same, and the times of describing the same 
distances are the same. 



Hence 

(1) The velocity of P - the velocity of P 

= Jp. (07/ J - Ol yi ) = ^7(arc OAf - (arc 0P)% 

(2) The time from A to P = time from B to P 



and (3) The time from A to A! and back again = 

vf* 

PENDULUMS. 

158 . Simple pendulum. A particle tied to one 

end of a string, the other end of which is fixed, and which 
oscillates in a vertical circle having the fixed point as centre, 
is called a simple pendulum. 

The time of oscillation depends on the angle through 
which the string swings on each side of the vertical. 

If however this angle of oscillation be small, we shall 
show in the next article that the time of oscillation of the 
pendulum is approximately constant. 
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159. Theorem. If a ‘particle be tied by a string to 
a fixed point, and allowed to oscillate through a small angle 
about the vertical position , to shew that the time of a complete 

oscillation is 2v > where l is the length of the string. 

Let 0 be the fixed point, OA a vertical line, AP a 
portion of the arc described by 

the particle, and let the angle . — v 

AOP be 0. f 

If PT be the tangent at P f \ 

meeting OA in T f the acceleration [ O ] 

of the bob along PT \ \ ) 

\ 0 \ / 

= g sin 0 \ \ / 

= g0, approximately, if 6 bo small 

T p 

= 7 x arc AP. 


The acceleration along the tangent to the path there- 
fore varies as the arcual distance from the lowest point. 

It follows that the motion is harmonic and hence, by 
Art. 157 (3), the time of a complete oscillation is inde- 
pendent of the extent of the oscillation, and equals 


2 * . 9 II 

/ff V o 


The first discovery of this principle of the time of swinging of a 
pendulum is said to have been made by Galileo about the year 1582 ; 
he observed that the great bronze lamp which hangs from the roof 
of the cathedral at Pisa seemed to have a uniform time of swing, 
whatever be the arc through which it moved, and he verified the fact 
by counting the beats of his pulse. 

Bx. Find the length of a pendulum which will oscillate 56 times 
in 55 seconds , 
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The time of oscillation is ~ seconds. Hence, if l be tlie length 
of the pendulum, we have 

55 _ /I _ 22 / 1 

56r r V 7 V 32* 

/X-A 

V 32 — 16 * 

os OS 

Z = 32 x gg-g = -- feet = 37 \ inches. 

160 . Experimental Verification. The important 
result of the previous article may bo easily verified to 
a fair degree of accuracy. We cannot actually mako use 
of the “particle” and the “massless string ” of the mathe- 
matical demonstration ; but a small sphere, made of brass 
or other metal, with a hook firmly fastened to it and a 
light strong silk thread will make a very good approxi- 
mation. 

First, to shew that the lime varies as the square root of 
the length. 

Take several such spheres, and to them attach threads 
the other ends of which are attached to fixed points ; for 
example by passing the threads through eyes screwed into 
a fixed horizontal bar, and then tieing their other ends to 
some convenient support. Adjust the lengths so that the 
distances measured from the centre of the spheres to the 
points from which the strings swing are in the ratios 
of 1, 4, 9, 16.... [For example, let the lengths be 6 ins., 
2 ft., 4 ft. 6 ins., 8 ft...] Start the balls all swinging, 
through small angles, at the same instant Their times of 
oscillation will be found to be as 1, 2, 3, 4,... i.e. os the 
square roots of their lengths. This will be best seen 
if the observer sets only two swinging at a time. For ex- 
ample the first will be found to swing in half the time 
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of the second, and hence will be found to complete every 
second complete swing at the same time as the second 
pendulum completes its swing. 

So the first pendulum will be found to oscillate three 
times for each oscillation of the third pendulum, and hence 
every third oscillation of the first pendulum will be found 
to end simultaneously with successive swings of the third 
pendulum. 

Similarly for any other case. 

Secondly, to shew that the time of oscillation is inde- 
pendent , approximately, of the material of which the bob is 
vnode. 

Take spheres, of the same size approximately, but made 
of different materials, provided that these materials are not 
made of very light substances such as cork. As in the first 
experiment attach them by strings of the same length and 
set them all swinging together. This may be done by 
pushing the spheres all side- ways to the same extent by 
means of a board, and then sharply withdrawing the board. 
The pendulums will then be found to swing in the same 
time for a large number of oscillations provided the lengths 
of the strings have been carefully adjusted so as to be 
equal. After some time the spheres, made of the lighter 
material, will be found to lag behind the others ; this is 
because the resistance of the air has more effect on the 
lighter than on the heavier spheres. 

Thirdly, to find the value of g by means of a simple 
pendulum. 

Take one of the spheres and adjust the length of its 
string to a convenient distance, say about two feet. Care- 
fully measure the distance from the point of suspension of 
the silk thread to the centre of the sphere. Set the sphere 
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swinging and find the time T of a complete oscillation. 
This is best done by observing the time of (say) 40 
observations and dividing the result by 40. [An ordinary 
watch with a seconds hand will give sufficiently accurate 
results.] 

Then in the formula 

of Art. 159, we now know both l and so that the value of g 

By the uso of a logarithm Table, or by ordinary 
calculation, we now 'easily obtain the value of g correct to 
the second place of decimals in foot-second units. 

Similarly, if we measure l in centimetres, we shall get 
the value of g in the c. G. s. system. 

161 . Seconds Pendulum. A seconds pendulum 
is one which vibrates from rest to rest (i.e. makes half a 
complete oscillation) in one second. 

Hence, if l be its length, we have 



Since g varies at different points of the earth's surface, 
we see that the length of the seconds pendulum is not the 
same at all points of the earth. 

For an approximate value, putting g - 32 2 and tt = ljS, 
we have 

1= 3*26 feet = 39*12 inches. 

If we use the centimetre-second system we have, by putting 0=981, 
Z=99*3 centimetres. 

For the latitude of London more accurate values are 39*13929... 
inches and 99*413... centimetres. 
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EXAMPLES. XXVH 

[In the following examples , t may he taken to he 

1. If g=z 32*2, what is the length of a pendulum vibrating in 
2*5 seconds? 

2. The time of a complete vibration at a given place of a pen- 
dulum 64 metres long is 16 seconds; shew that the corresponding 
value of g is 987 cm.-sec. units. 

3. A pendulum, 3 feet long, is observed to moke 700 oscillations 
in 671 seconds ; find approximately the value of g. 

4. Given that the length of a seconds pendulum is 39*12 inches, 
find the lengths of the pendulums which will vibrate in (1) half a 
second, (2) one quarter of a second, (3) 2 seconds. 

5. How many oscillations will a pendulum, of length 53*41 centi- 
metres, make in 242 seconds at a place where g is 981 ? 

6. Shew that a pendulum, one mile in length, would oscillate in 
40 seconds nearly. 

7. A pendulum, of length 37*8 inches, makes 183 beats in three 
minutes at a certain place ; find the acceleration due to gravity there. 

8. How many oscillations will a pendulum, of length 4 feet, make 
in one day ? 

9. A pendulum, 450 feet long, has been suspended in the Eiffel 
tower; prove that it makes a complete oscillation in about 23* 
seconds. 


162 . The result of Art. 159, although not mathematically 
accurate, is very approximately so. If the angle a through which the 
pendulum swings on each side of the vertical be 5°, the result is 
within one two-thousandth part of the accurate result, bo that a 
pendulum which beats seconds for very small oscillations would lose 
about 40 seconds per day, if made to vibrate through 5° on each side 
of the vertical. 

. 163. The simple pendulum of which we have spoken 
is idealistic. In practice, a pendulum consists of. a wire 
whose mass, although small, is not zero and a bob at the 
end which is not a particle. Whatever be the shape of 
the pendulum, the simple pendulum which oscillates in 
the same time os itself is called its gimple equivalent 
pendulum. 
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The discussion of the connection between a rigid body 
and its simple equivalent pendulum is not within the range 
of this book. We may, however, mention that a uniform 
rod, of small section, swings about one end in the same 
time as a simple pendulum of two-thirds its length. 

164. Acceleration due to gravity . Newton dis- 
covered, as a fundamental law of nature, that every particle 
attracts every other particle with a force which varies 
directly as the product of tho masses and inversely as the 
square of the distance between them. 

From this fact it can be shewn, as in any treatise 
dealing with Attractions, that a sphere attracts any particle 
outside itself just as if the whole mass of the sphere were 
collected at its centre, and hence that the acceleration 
caused by its attraction varies inversely as the square of 
the distance of the particle from the centre. 

Similarly the attraction on a particle inside the eofth 
can be shewn to vary directly as its distance from the 
centre of tho earth. 


Hence, if g x be the value of gravity at a height h above 
the earth’s surface, g the value at the surface, and r the 

•earth’s radius, then g x : g * * 


so that 


> + /*) 3 V’ 


So, if g 2 be the value at the bottom of a mine of depth 
r-d 

■d, we have g*-g - . The value of g is therefore greater 
*.at the earth’s surface than either outside or inside the eartli. 


166 . We shall now investigate the effect on the time of 
oscillation of a simple pendulum due to a small change in the value 
of g, and also the effect due to a small change in its length. 
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If a pendulum, of length 2, make n complete oscillations in a given 
time , to shew that 

(1) If g he changed to g + G , the number of oscillations gained 
n G 

(2) If the pendulum be taken to a height h above the earth's surface, 
the number of oscillations lost is n - , where r is the radius of the earth, 

(3) If it be taken to the bottom of a mine of depth d, the number 

... nd 
lost is 7 r~, 

2 r 

(4) If its length be changed to l-\ • L, the number lost is g ~ . 

2 l 

Let T be the original time of oscillation, T' the new time of 
oscillation, and ri the new number of oscillations in the given time, 
so that 

nT=n'T\ 

(1) In this case 7=2*-^/^ and T'=2r^ ~ . 

Hence ~ = jfr, = y/ 1 + J =1 + \ f • approximately, 

^by Binomial Theorem, squares of — being neglected^ . 

n G 

Hence the number of oscillations gained =«'-«=:- — . 

1 9 
1i G 

So, if g become g - G, the number lost is - — . 

2 g 

(2) If g - G be the value of gravity at a height h, we have 

g-G r* / h\~* ,2 h . 

l+ r) = l -7 fl pp roximfttel y- 

2 h 

Therefore G=0~, and hence, as in (1), the number of os- 
h 

dilations lost is n - . 

r 

(3) If g - G be the value at a depth d , we have g - G : g :: r - d : r, 

so that the number of oscillations lost = U ? - . 

2 g 2 r 

(4) When the length 2 of the pendulum is changed to 2 + L, we 
have 


v=iT s/\ and r=2 '\/^’ 



PENDULUMS 


209 


rr( 1+ j) approximately. 


Hcnco tho number of oscillations lost =n - 


nL 
: 2 Z 


From this article * it follows that the height of a 
mountain, or the depth of a mine, could be found by 
finding the number of oscillations lost by a pendulum 
which beats seconds on the surface of the earth. 


166 . 1 - A pendulum, which beats seconds cut the surface 

of the earth , is carried to the top of a mountain 6 miles high; find 
the number of seconds it icill lose in a day , assuming the radius of 
the earth to be 4000 miles. 

Let g and g x be the accelerations due to gravity at the sea-level 
and the tep of the mountain respectively. 

1 1 


Then 


^ ' 4000 2 ’’ 4005* ' 


^_/4005\ a __/80iy 
’ g 1 ~~ \4000/ ~\m) • 

Since the pendulum beats seconds at the earths surface, we have 

“>• 

Also, if T be the time of oscillation at the top of the mountain, 
we have 

JL 

V 9i 

Dividing (2) by (1), we have 


.( 2 ). 


r = J L = 

V 9 i 


801 

800* 


Hence the number of heats in a day at the top of the mountain 

- 86400 - 86100 , 8Q ° 

“ T “ 85400 801 


= 86400 x 




= 86400 ^1 - approximately 
= 86400 - 108. 

Therefore the number of beats lost is 108. 



210 


DYNAMICS 


Bz* 3. A faulty seconds pendulum loses 20 seconds per day ; find 
the required alteration in its length , so that it may keep correct time . 
The pendulum beats 86380 times in 86400 seconds, so that its time 
8640 

of oscillation is seconds. Hence, if l be its length, 


8640 

8638 


-Vs 


•a) 


Let l+x be the true length of the seconds pendulum at the place. 
Then _ _ 

‘■Vt- (2) - 

Subtracting the square of (1) from the square of (2), we have 
, /8640y „ a. 

'isfsbij 

•■•“-SCW-*] 

~i[(>-Ar-*]~¥[>*A->] •*“***’ 


49 


,32 x 49 4 

484 * 8640 ~ 121x270 


feet= - 018 inch. 


Hence the pendulum must be shortened by *018 inch. 


167. Verification of the law of gravity by means of the 
moon's motion . We may shew roughly the truth of the 
law of gravitation, by finding the time that the moon would 
take to travel round the earth, on the assumption that it is 
kept in its orbit by means of the earth’s attraction. 

Let f be the acceleration of the moon due to the earth’s 
attraction ; then, since the distance between the centres of 
the two bodies is roughly 60 times the earth’s radius, we 

:: (6<5f > 80 that /=3^0’ 

Let v be the velocity of the moon round the earth, so 
that, by Art. 135, 

t—f. g — 

60r ~ J ~ 3600 ‘ 
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= X 60?' -r V = 27T . GO x 


60r , 

- - seconds. 
0 


Taking the radius of the earth to bo 4000 miles, and g 


as 32*2, this time is 2*7 -4 days, and this is approximately 
the observed time of revolution. 


EXAMPLES. XXVHI. 


1. A pendulum which beats seconds at Greenwich, where g = 32*2, 
is taken to another place where it loses 20 seconds per day ; find the 
value of g at the latter place. 

2. A seconds pendulum, which gains 10 seconds per day at one 
place, loses 10 seconds per day at another ; compare the accelerations 
due to gravity at the two places. 

3. Assuming the values of g in foot-socond units at the equator 
and the north pole to be 32*09 and 32*25 respectively, find how many 
seconds per day would be gained at the north pole by a pendulum 
which would beat seconds at the equator. 

4. A clock with a seconds pendulum loses 9 seconds per day ; 
find roughly the required alteration in the length of the pendulum. 

5. A clock gains five seconds per day ; shew how it may be made 
to keep correct time. 

6. If a pendulum oscillating seconds be lengthened by its 
hundredth part, find the number of oscillations it will lose in a 
day. 

7. A simple seconds pendulum is lengthened by ^th inch ; find 
the number of seconds it will lose in 24 hours. 

8. A simple pendulum performs 21 complete vibrations in 44 
seconds ; on shortening its length by 47*6875 centimetres it performs 
21 complete vibrations in 33 seconds ; find the value of g . 

9. A simple seconds pendulum consists of a heavy ball suspended 
by a long and very fine iron wire ; if the pendulum be correct at a 
temperature 0°C., find how many seconds it will gain, or lose, in 
24 hours at a temperature of 20° C., given that the iron expands by 
*000233 of its length owing to this rise of temperature. 

10. If a seconds pendulum lose 10 seconds per day at the bottom 
of a mine, find the depth of the mine and the number of seconds that 
the pendulum would lose when halfway down the mine. 
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11. A clock, which at the surface of the earth gains 10 seconds 
a day, loses 10 seconds a day when taken down a mine ; compare the 
accelerations due to gravity at the top and bottom of the mine and 
find its depth. 

12. If a seconds pendulum bo carried to the top of a mountain 
half a mile high, how many seconds will it lose per day, assuming 
the earth’s centre to be 4000 miles from the foot of the mountain, 
and by how much must it be shortened so that it may beat seconds at 
the summit of the mountain ? 

13. Shew that the height of a hill at the summit of which 
a seconds pendulum loses n beats in 24 hours is approximately 245 . n 
feet. 


14. A balloon ascends with a constant acceleration and reaches 
a height of 900 feet in one minute. Shew that a pendulum clock, 
which has a seconds pendulum and is carried in the balloon, will gain 
at the rate of about 28 seconds per hour. 

15. A cage-lift is descending with unit acceleration ; shew that a 
pendulum clock, which has a seconds pendulum and is carried with 
it, will lose at the rate of about 56 seconds per hour. 

16. Shew that a seconds pendulum would, if carried to the 
moon, oscillate in 2l seconds, assuming the mass of the earth to 
be 81 times that of the moon, and that the radius of the earth is 4 
times that of the moon. 

17. A railway train is moving uniformly in a circular curve at 
the rate of 60 miles per hour, and in one of the carriages a seconds 
pendulum is observed to boat 121 times in 2 minutes. Shew that 
the radius of the curve is about 1317 feet. 

18. A particle would take a time t to move down a straight tube 
from the surface of the earth (supposed to be a homogeneous sphere) 
to its centre ; if gravity were to remain constant from the surface to 
the centre, it would take a time t ' ; shew that 

10. A simple pendulum swings under gravity in such a manner 
that, when the string is vertical, the force which it exerts on the 
bob is twice its weight; shew that the greatest inclination of the 

string to the vertical is ^ . 

20. A mass is hung on the end of a string 8 feet long and swings 
to and fro through a distance of 3 inches. Find approximately the 
periodio time of the swing, the accelerations at the ends of the swing, 
and the velooity at the middle. 
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UNITS AND DIMENSIONS. 


168 . When we wish to state the magnitude of any 
concrete quantity we express it in terms of some unit of 
the same kind as itself, and we have to state, 

(1) what is the unit we are employing, and 

(2) what is the ratio of the quantity we are con- 

sidering to that unit. 

This latter ratio is called the measure of the quantity in 
terms of the unit. Thus, if we wish to express the height 
of a man, we may say that it is six feet. Here a foot is 
the unit and six is the measure. We might as well have 
said that he is 2 yards, or 72 inches high. 

The measure will vary according to the unit we employ. 
The measure of any quantity multiplied into the unit 
employed is always the same (e.g., 2 yards ~ 6 feet i 72 
inches). 

Hence, if k and k' be the measures of a physical quantity 
when the units used are denoted by [7 l] and [K'\ we have 
k[K] = k'[K'], 

and hence [K] : [JT] :: A : i, , 


so that, by the definition of variation, we have [iT] oc 


1 

V 


i.e., 


the unit in terms of 'which any quantity is measured varies 
inversely as the measure and conversely . 
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169 . A straight line possesses length only, and no 
breadth or thickness, and hence is said to be of one 
dimension in length. 

An area possesses both length and breadth, but no 
thickness, and is said to be of two dimensions in length. 
The unit of area usually employed is that whose length 
and breadth are respectively equal to the unit of length. 
Hence if we have two different units of length in the 
ratio A : 1, the two corresponding units of area are in the 
ratio X 2 : 1, so that, if [A] denote the unit of area and 
[Z] the unit of length, then 

[A]*[L]\ 

For example, 12 inches make 1 foot, but 144 (i.e., 12 2 ) square 
inches make one square foot. 

A volume possesses length, breadth, and thickness, and 
is said to bo of three dimensions in length. The unit is 
that volume whose length, breadth, and thickness are each 
equal to the unit of length. As in the case of areas, it 
follows that, if [K] denote the unit of volume, then 

Since the units of area and volume depend on that of 
length, they are said to be derived units, whilst the unit 
of length is called a fundamental unit. 

Another fundamental unit is the unit of time, usually 
denoted by [I 7 ]. A period of time is of one dimension in 
time. 

The third fundamental unit is the unit of mass, denoted 
by [3/]. Any mass is said to be of one dimension in mass. 

These are the three fundamental units ; all other units 
depend on these three, and are therefore called derived 
units. 
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170. In Art. 9 we defined the unit of velocity to be 
the velocity of a point which describes the unit of length in 
the unit of time. Hence if the unit of length, or the unit 
of time, or both, be altered, the unit of velocity will, in 
general, be altered. 

For example, let the units of length and time be changed 
from a foot and a second to 2 feet and 3 seconds. The 
new unit of velocity is the velocity of a point which de- 
scribes 2 feet in 3 seconds, i.e., which describes l foot in 
one second, Le ., is equal to |rds of the original unit of 
velocity. 

. Similarly, since a body is mo\ ing with unit acceleration 
when the change in its velocity per unit of time is equal to 
the unit of velocity, it follows that the unit of acceleration 
depends on the units of velocity and time, i.e. f it depends 
ultimately upon the units of length and time. 

Again, the unit of force is, by Art. 61, that forco which 
in the unit of mass produces the unit of acceleration. 
Hence the unit of forco is altered when either the unit 
of moss, or the unit of acceleration, or both, are altered. 
Hence the unit of forco depends ultimately upon the units 
of length, time, and mass. 

171. Theorem. To shew that the unit of velocity 
varies directly as the unit of lengthy and inversely as the 
unit of time. 

In one system let the units of length, time, and velocity 
be denoted by [Z], \T] } and [ V], and in a second system by 
[Z'], \T\ and [F] ; also let 

[*] in-*cn 
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Then a body is said to be moving 
with the original unit of velocity 

when it describes a length [Z] in time \T ] ; 
therefore with velocity m [ F] 

when it describes a length m [Z] in time [ 7 T ] ; 

lYh 

therefore with velocity ~ - [ V] 

when it describes a length m [Z] in time n [T\ • 
therefore with velocity ~[Y] 

when it describes a length [Z'] in time [7 T ']. 
But it is moving with velocity [ V ' ] when it describes a 
length [Z'] in time [T 7 ']. 

••• t n=™m- 

[P]:[r] y.m:n 


m.l 

ET] 

w 

• 

jn 

L' 


L 

r 

• j 

fy 


hence, by the definition of variation, 

172. Theorem. To shew that the unit of (acceleration 
vanes directly as the unit of lengthy and inversely as the 
square of the unit of time . 

Take the units of length and time as before, and let 
[Z 7 ] and [Z 1 '] denote the corresponding units of acceleration. 

Then a body is said to be moving 
with the original unit of acceleration 

when a vel. of [Z] per [T] is added on per [T ] ; 
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therefore with acceleration m [T' 7 ] 

when a vel. of m [Z] per [T 7 ] is added on per [T 7 ] ; 

171 

therefore with acceleration — \ 7' 7 1 

n L J 

when a vel. of m [ L ] per n [7'] is added on per [7 7 ] ; 


therefore with acceleration ^ [A 1 ] 

when a vel. of m [A] per n [ T ] is added on per n [T ~\ ; 

therefore with acceleration \ F] 

n 2 L J 

when a vel. of £//] per [7 7 '] is added on per [7 7 ']. 
But now the body is moving with the new unit of accele- 
ration [7^'] • 




[F']:[F]y.m-.n* 

[IJ] [T] s 

:: \A : L 2 'p 
..M. M 

"\rj’[ tJ‘ 

Hence, by tho definition of variation, 


[F J< 


ir 


„ i.e., oc [L] [T)-\ 


173. Bx. 1. If the units of length and time be changed from a 
foot and a second to 100 feet and 50 seconds respectively , find in what 
ratio the units of velocity and acceleration are changed. 

The new unit of velocity is a velocity of 100 feet per 50 seconds, 
i.e., a velocity of 2 feet per second. Hence the new unit of velocity is 
twice the original unit of velocity. 

Again a body is moving with the new unit of acceleration 
when a velocity of 100 feet per 50 seconds is added on per 50 secs., 

i.c. f 2 feet per 1 sec per 50 secs.. 

i.e., Tfj feet per second per sec. 

Hence the new unit of acceleration is Jyth of the original unit of 
acceleration. 
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Otbarwla* thus; Taking the same notation as in Aits. 171 and 
172, we liavo 

[X'] = 100 [I>], and [r]=50[T]. 

rn = tn[rr‘ =100x 1 = ioo = 

m Mm so 

and E3 = Eltn - ' = 100 x (so ,-» = = A , 

[!<’] [l-Jtrr 1 2500 25 


so that the new units of velocity and acceleration arc respectively 
double and one twenty-fifth of tho oiiginal quits. 


Ex. 2. Find the measure of the acceleration due to gravity in the 
yard-minute system , assuming its value in the foot-second system to 
be 32*2. 

In a falling body a velocity of 32-2 ft. per sec. is added on per sec., 

/ 60 x 32-2 ft. per. minute is added on 

per sec., 

/ 60 2 x 32-2 ft. per minute is added on 

per min., 

60 3 

.* x32*2 yds. per minute is added 

on per minute. 

j 60 2 x32-2 QQft . A 

the required measure = — - = 38640. 

i) 

This may bo more concisely put as follows : 

Let x be the new measure ; then 

x x [F'] = 32-2 x [l* 1 ], 

\ .r=32-2xl^ =32-2x1^^ „=32-2x — 

[F'] [L')[T’r 3 x (60) 

=32 - 2 x =38640, os before. 

tl 


Ex. 3. If the acceleration of a falling body be taken as the unit of 
acceleration, and the velocity generated in a falling body in one minute 
as the unit of velocity, find the units of length and time . 

Using the same notation as in Arts. 171 and 172, the same accele- 
ration is in the two systems represented by 

32. [F] and l.£F']. 

1 . [J , '] = 32[JP], 

••• Lr/][TT s =32.[r,][2 , r 2 (i). 

In ft. -see. units the velocity generated in one minutes 60 x 32. 

Hence 60 x 32 . [V] and 1 . [V'] represent the same velocity. 
Hence 

1 . f Tfl [T'r l =60 x 82[L][TJ _> 


( 2 ). 
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Dividing tho square of equation (2) by (1), we have 
[L]=60 2 x 32 feet. 

Hence, from (2), 

[2 T/ J=60[r] = 60 seconds = one minute. 

EXAMPLES. XXIX. 

1. Jf tlic unit of length be one mile, and the unit of timo one 
minute, find the units of velocity and acccleiation. 

2. If the unit of length be one mile, and the unit of time 4 
seconds, find the units of velocity and acceleration. 

3. If tho unit of velocity be a velocity of 30 miles per hour, and 
the unit of time bo one minute, find the units of length and accele- 
lation. 


4. If the unit of acceleration be that of a freely falling body, and 
the unit of time be 5 seconds, shew that the unit of velocity is a 
velocity of 160 ft. per sec. 

5. What must be tho unit of length, if the acceleration duo to 
gravity be represented by 14, and the unit of time be five seconds? 

6. If the unit of velocity be a velocity of 3 miles per hour, and 
the unit of time one minute, lind the unit of length. 

7. If tho acceleration of a falling body be the unit of accelera- 
tion, and tho velocity acquired by it in 5 seconds be tho unit of 
velocity, shew that the units of length and time are 800 feet and 
5 seconds respectively. 

8. What is the measure of the acceleration due to gravity, 

(1) when a foot and half a second are the units of length and time, 

(2) when tho units are a mile and eleven seconds, 

(8) when the units are 10 yards and 10 minutes respectively? 

9. Find the measure in the centimetre-minute system of the 
acceleration due to gravity, assuming a metre to be 39*37 inches. 

10. The acceleration produced by gravity being 32 in ft. -sec. 
units, find its measure when the units are ( y g ^ r o of an hour and a 
centimetre, given 1 centimetre = *0328 ft. 

11 . If the area of a ten acre field be represented by 100, and 
the acceleration of a heavy falling particle by 58§, find the unit of 
timo. 
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174. Dimensions. Def. When we say that the 
dimensions of a physical quantity are a, /?, and y in lengthy 
time , and mass respectively , we mean that the unit in terms 
o f which the quantity is measured varies as 

[L]'[Tf[ M]y. 

Thus the results of Arts. 171 and 172 are expressed by 
saying that the dimensions of the unit of velocity are 1 in 
length and — 1 in time ; while those of the unit of accele- 
ration are 1 in length and - 2 in time. 

The cases in Arts. 171 and 172 have been fully written 
out, but the results may be obtained more simply as in the 
foliowing article. 

175. (1) Velocity. Let v denote the numerical 
measure of the velocity of a point which undergoes a dis- 
placement whose numerical measure is s , in a time whose 
numerical measure is t> so that 

s = vt. 

If [Z], \T\ and [F] denote the units of length, time, 
and velocity respectively, we have, as in Art. 168, 

sa [V a r*r and,,cc rn' 

i i i 

“ PTm m* 

Hence [P] cc [L] [T]" 1 . 

(2) Acceleration. Let v denote the velocity ac- 
quired by a particle moving with acceleration f for time t y 
so that 


v-ft. 
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If [/''] denote the unit of acceleration, we have 

, 1 

/oc m- 

• 1 JL J 

•• 

Hence [F] a [ V] [2’]- 1 oc [/,] [7 1 ]- 2 . 

(3) Density. Let d be the density of a body whose 
mass is m and volume u t so that m -- du. 

If [D] and [/7] denote the units of density and volume, 
wo have 

1 1 

•• [D]^[M][U]- l cc[M] [L]~\ 

If the body be very thin, so that it may be considered 
as a surface only, we see similarly that the unit of surface 
density 

So, if the body be such that its breadth and thickness may 
be neglected, (so that it is a material line only), we have 
unit of linear density x [itf] [Z]" 1 . 

(4) Force. If p be the force that would produce 
acceleration f in mass m, we have p = mf 

Hence, if [/*] denote the unit of force, we have 

[l>]*[M}[F]<r.[M]{L][T]-\ 

(5) Momentum. If k be the momentum of a mass 
m moving with velocity v , wo have 

h = mv. 

Hence, if [K] denote the unit of momentum, 

’ [K]*[M][V]«[3I][L][T]-\ 



222 


DYNAMICS 


(6) Impulse. If i be the impulse of a force p acting 
for time t, we have 

i = pt. 

Hence, if [/] denote the unit of impulse, 

[i]*[r][r]cc[M] [L][T]~\ 

so that an impulse is of the same dimensions as a mo- 
mentum. 

(7) Kinetic Energy. If e be the kinetic energy of 
a mass m moving with velocity v, we have 

e = \mv 2 . 

Hence, if [N ] denote the unit of kinetic energy, 

[E]<c[M}{VU[M] [LflT]-\ 

(8) Work. If w be the work done when a force p 
moves its point of application through a distance s , then 

w=ps. 

Hence, if [ W] denote the unit of work, 

[w]*[r][L]«[M)[Lnry. 

Hence work and kinetic energy are of the same dimensions. 

(9) Power or Hate of work. If h be the power at 
which work w is done in time t, then 



Hence, if [11] denote the unit of power, 

[//]cc[ir] [TT'*[M)[Lf[T]-\ 

(10) Angular velocity. If w be the angular ve- 
locity of a point which moves with velocity v in a circle of' 
radius r, we liave 

io=~ = vr- 1 . (Art 26.) 

Hence, if [12] denote the unit of angular velocity, then 

[n]=[F][zr=[7T\' 
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170. Ex. 1. If the unit of mass be 112 lbs., the umt of length 
me mile, and the umt of time one minute , find the unit of force . 

The unit of force is (Ait. 61) the force which in unit mass 
produces unit acceleration, 

i.e., which in 112 lbs. produces an acceleration of 1 mile per min. 






per min., 

i e., 

in 

112 

lbs. 

mile per sec. per 





min., 

i * , 

in 

112 

lbs. 

^ mile per sec. per 

1 c , 

in 

112 

lbs. 

sec., 

1760 v 3 

• go-! ' ft - P® r **• 





per sec., 

1 1 , 

in 

1 

lb. 

1760x3x112 

60 J “• ** 





sec. per sec. 


ii , * , 1760x3x112 , . 

lienee the new unit of foice = ^ — poundals 

^=164 t 4 ^ poundals = wt. of about 5*g lbs. 


Otherwise thus: By Art. 175 (4), we have 


in 


_W[//][rr =112xl760 - 8 - 

112x1760.3 


60 J 


-=164^-, as before. 


Bx. 2 . The kinetic cneigy of a body expressed in the foot-pound- 
second system is 1000; find its value in the metre-qramme -minute 
system, having given 1 foot =z$Q m 5 cm*., and 1 lb. =450 grammes, ap- 
proximately. 

Let x be the measure in the new system, so that 
*[22']=1000[J5], 

i.e., I [Jl'] [if t IT 3 = 1000 [1T1 [L] 3 [ IT -5 . 

But [JI/]=460[JU'], [Z]=-805[I/1. and [3>,V[r]. 
xi 1000 x 460 x[-805px 60 s 
=160,700,600. 
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Ex. 3. If the unit of velocity he 12 feet per second, the unit of 
acceleration 24 foot-second units, and the unit of force 20 poundals , 


what are the units of mass, length, and time 1 
Find also the corresponding unit of work. 

The unit of velocity [F*] is equal to 12 [F]. 

[L'Hrr^iatricrr 1 (i). 

The unit of acceleration [F'] is equal to 24 [F]. 

[L'][rf 2 =24[/,][7’f' (2). 

The unit of force [I*] is equal to 20 [P]. 

/. [M f ] [L'] [PT 2 =20[Ji] [L][TJ- 2 (»>. 


Dividing (2) by (1), we have 

[T']~ 1 =2[rf 1 . 

[2"] = ^[7]= -5 second. 

Dividing the square of (1) by (2), we have 

[Z']=iJtr,]=6[L]=6feet. 

Dividing (3) by (2), we have 

m=Hm=Tib. 

Hence the required units of mass, length, and time, arc 
£ lb., 6 feet, and i sec. 


Also, by Art. 175 (8), we havo 

g3,(fflKt£Sg,j| K (6) »x 

t w 'J [il/]£L]-[3] 6 



••• [»H= 


5 . 6 2 . 2 s 
6 


[TF]=120 foot- poundals. 


EXAMPLES, yyy 

1. If 39 inches be the unit of length, 3 seconds the unit of time, 
and 1 cwt. the unit of mass, find the unit of force. 

2. If the units of mass, length, and time be 10 lbs., 10 feet, and 
10 seconds respectively, find the units of force and work. 

3. If the unit of length be 2 feet, what must be the unit of timo 
in order that one pound-weight may be the unit of force, the unit of 
moss being one pound? 
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4. If tho unit of mass bo 1 cwt., tho unit of forco the weight 
of one ton, and the unit of length one mile, Bhew that tho unit of 
time is -*^33 seconds. 

5. If tho unit of velocity be a velocity of one mile per minute, 
tho unit of acceleration be tho acceleration with which this velocity 
would be acquired in 5 minutes, and the unit of force be equal to the 
weight of half a ton, find tho units of length, time, and mass. 

6. If a hundredweight be the unit of mass, a minuto the unit of 
time, and the unit of forco the weight of a pound, find the unit 
of length. 

7. If the unit of force be equal to tho weight of 5 ounces, the 
unit of time be one minute, and a velocity of 60 feet per second be 
denoted by 9, lind the units of length and mass. 

8. If 5.} yards be the unit of hdgth, a velocity of one yard per 
second the unit of velocity, and 6 poundals the unit of force, what is 
the unit of mass ? 

9. Taking as a rough approximation 1 foot = 30*5 cms. , 1 lb. = 453 
grammes, and the acceleration of a falling body = 32 ft. -see. units, shew 
that 

(i) 1 Poundal = 13816 Dynes, 

(ii) 1 Foofc-Poundal = 421403 Ergs, 

(iii) 1 Erg = 7-416 x 1(T 8 F<Sot-I>ounds, 

(iv) 1 Horse-Powcr=7 - 4X6 x 10 9 Ergs per see. 

10. In two different systems of units an acceleration is repre- 
sented by the same number, whilst a velocity is represented by 
numbers in the ratio 1:3; compare the units of length and time. 

If further the momentum of a body bo represented by numbers in 
the ratio 5 : 2, compare the units of mass. 

11. If the units of length, velocity, and force be each doubled, 
shew that tho units of time and Inass will bo unaltered, and that 
of energy increased in the ratio 1:4. 

12. If the unit of time bo ono hour, and the units of mass and 
forco bo the mass of one hundredweight and tho weight of a pound 
respectively, find the units of work and momentum in absolute units. 

13. Find a system of units such that the momentum and 
kinetic energy of a mass of 4 lbs., moving with a velocity of 5 feet 
per second, may each bs numerically equal to unity, and such that 
the unit of force may be the weight of one pound. 

14. If the unit of acceleration be that of a body falling freely, 
the unit of velocity the velocity acquired by the body in 5 seconds 
from rest, and tho unit of momentum that of one pound after falling 
for 10 seconds, find tho units of length, time, and mas 3 . 


l. D. 


8 
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15. If the unit of work be that done in lifting one hundredweight 
through three yards, the unit of momentum that of a mass of 
one pound which has fallen vertically 4 feet under gravity, and the 
unit of acceleration three times that produced by gravity, find the 
units of length, time, and mass. 

16. Find the units of length, time, and mass supposing that 
when a force equal to the weight of a gramme acts on the mass of 
16 grammes the acceleration produced is tho unit of acceleration, 
that the work done in the first four seconds is the unit of work, 
and that the force is doing work at unit rate when the body is 
moving at the rate of 90 cms. per second. 

17. The velocity of a train running at the rate of CO miles per 
hour is denoted by 8, the resistance the train experiences and which 
is equal to the weight of 1600 lbs. is denoted by 10 , and the number 
of units of work done by the engine per mile by 10 . Find tho units 
of length, time, and mass. 

18. In a certain system of absolute units the acceleration pro- 
duced by gravity in a body falling freely is denoted by 3, the kinetic 
energy of a 600 pound shot moving with velocity 1600 feet per second 
is denoted by 100, and its momentum by 10 ; find the units of length, 
time, and mass. 

19. If the kinetic energy of a train, whose mass is 100 tons 
and whqse velocity is 45 miles per hour, be denoted by 11 , whilst 
the impulse of the force required to bring it to rest is denoted by 5 , 
and 40 horse-power by 15 , find the units of length, time, and mass, 
and shew that the acceleration duo to gravity is denoted by 2016 , 
assuming its measure in foot-second units to be 32 . 

20. If the unit of force be the weight of one pound, what must 
be the unit of mass so that the equation P=mf may still be true? 

Verification of formulae by means of counting 
the dimensions. 

177 . Many formulae and results may be tested by 
means of the dimensions of the quantities involved. Sup- 
pose we have an equation between any number of physical 
quantities. Then the sum of the dimensions in each term 
of one side of the equation in length, time, and mass 
respectively must be equal to the corresponding sums on 
the other side of the equation. For suppose that the 
dimensions in length of one side of the equation differed 
from the corresponding dimensions on the other side of 
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tho equation ; then, on altering the unit of length, the two 
members of the equation would bo altered in different 
ratios and would be no longer equal ; this however would 
be clearly absurd ; for two quantities which arc equal must 
havo the same measures whatever (the same) unit is used. 
For example, if two sums of money are the same, their 
measures must be the same whether we express the amounts 
in pounds, shillings, or pence. 

Again, suppose an equation gives us as a result that 
3 feet —10 seconds; this would be clearly incorrect. 

So such an equation as 

3v J = hmte 2 + 2 fsy 

must be incorrect; for two of the terms are of no dimensions 
in mass, and the third term, 5 mu 2 , is of one dimension in 
mass. This latter term is therefore the one that is probably 
incorrect. 

Consider again the possibility of the equation 
7W 4 - Srn/^s — 1 OvY = 0, 

where the symbols have the meanings we have used 
throughout this book. 

Let us set down the dimensions only ; they are, for the 
several terms, 


[*]$•[? j-W' w-fpjfw ©7$' 


l.t\ 


[*] 


L J [T ]* 9 j T]>' 


The equation is thus hopelessly incorrect; for the terms 
have neither tho same dimensions in mass, nor in length, 
nor in time. 

So again if, in solving a question where we want the 
work done, wo get an answer of the form 
Work = MPv + 3Mvj\ 


8—2 
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this is clearly incorrect. For, by Art. 175, the dimensions 
of a Work are 2 • 

Also the dimensions of M Pv are 

r ie r wM 

which is of wrong dimensions in both mass and time. 

Also, the dimensions of 3 Mvf are 

ie 

L i[T\‘[T] 2 ’ [T] 1 3 

which is of tho wrong dimensions in time. 

178 . Much information may be often easily obtained 
by considering the dimensions of tho quantities involved. 
Thus tho time of oscillation of a simple pendulum (which 
consists of a mass m tied by means of a light string of 
length l to a fixed point) may be easily shewn to vary as 

/ - . For. assuming tho time of oscillation to be indc- 

V <7 

pendent of the arc of oscillation, the only quantities that 
can appear in the answer are m, l y and g. Let us assume 

the time of oscillation to vary as m'f g y . 

The dimensions of this quantity expressed in the usual 
way are 

m \pf 

or [M}*[Lf +y [TY iy . 

Now the answer is necessarily of one dimension in time, 
and of none in mass, or length. Hence we have 
a = 0, ft + y * 0, and - 2y = 1. 

y = — -g- ft = -j-> 

and the time of oscillation therefore oc sj~g % 
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Table of Dimensions and Values of 
Fundamental Quantities. 


Physical Quantity 

Mass 

Dimonsions in 

Length Time 

Volume density 

1 

-3 

Surface density 

1 ' 

- 2 

Line density 

1 

-1 

Velocity 


1 -1 

Acceleration 


1 -2 

Force 

1 

1 - 2 

Momentum 

1 

1 - 1 

Impulse 

1 

1 -1 

Kinetic energy 

1 

2 ~2 

Power or Kate of work 1 

2 -3 

Angular velocity 


-1 


Values of “g. 

n 

Place 

Ft.-sec. units 

Cm.sec. units 

The equator 

32091 

978-10 

Latitude 45° 

32*17 

980-61 

Paris 

32-183 

980-94 

London 

32*191 

98117 

North Pole 

32*252 

983-11 

Length of the seconds pendulum at London 

= 

39*139 inches 

= 99*413 centimetres. 

1 centimetre = 

*39370 inches 

= *032809 feet. 


1 foot 
1 gramme 
1 lb. 

1 dyne 
1 poundal 
1 foot-poundal 


= 30*4797 centimetres. 

= 15*432 grains = *0022046 lb. 

= 453*59 grammes. 

= weight of -gJ-j- gramme approx. 
= 13825 dynes. 

= 421390 ergs. 



MISCELLANEOUS EXAMPLES. 


^ 1. A particle falls freely from tlie top of a tower, and daring the 
last second of its motion it falls -Jths of the whole height ; what is 
the height of the tower ? 

2. A man ascends tho Eiffel Tower to a certain height and drops 
a stone. Ho then ascends another 100 feet and drops another stone. 
Tlie latter takes half a second longer than the former to reach the 
ground. Neglecting the resistance of the air, find the elevation of 
the man when he dropped the first stone and tho time it took to 
drop. 

3. A bullet moving with a velocity of 1200 ft. per see. has this 
velocity reduced to one-half after penetrating one inch into a target. 
Assuming the resistance to be uniform, how far will it penetrate before 
its velocity is destroyed? 

4. Two scale-pans, each of mass 7 ozs., are connected by a light 
inextensible string which passes over a smooth pulley. If a mass 
of 5 ozs. be placed in one pan and one of 8 ozs. in the other, find the 
pressures of the masses on the scale-pans. 

5. Two equal masses, attached by an inextensible weightless 
thread which passes over a light pulley, hong in equilibrium. Shew 

that the tension of the thread is unaltered when - th of its mass is 

n 

added to one, and -- ^-=th of its mass removed from the other. 
n+2 

6. A weightless string, of length a , with masses m and 3m 
attached to its ends is placed on a smooth horizontal table perpen- 
dicular to an edge with the mass m just over the edge. If the height 
of the tablo above the inelastic floor be also a, shew that the mass 3m 
will strike the floor at a distance a from the mass m. 

7. A particle falling under gravity describes 100 feet in a certain 
second; how long will it take to describe the next 100 feet, the resist- 
ance of the air being neglected ? 

If owing to resistance it takes *9 sec., find the ratio of the resist- 
ance (assumed to be oonstant) to the weight of the particle. 
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8. The bob of a simple pendulum ia held so that the string 
is horizontal and stretched, and is then let go. Shew that during 
the subsequent motion the tension of the string varies as the vertical 
distance of the bob below its initial position. 


9. A particle hanging vertically from a fixed point by means of 
a string of length r is projected horizontally with velocity Jr. 
Shew that the tension of the string when the particle is at the end of 
a horizontal diameter is to its tension when tlio particle is at the 
highest point as 4. : 1. 


A locomotive engine draws a load of m lbs. up an incline of 
inclination a to the horizon, the coefficient of friction being ft. If, 
starting from rest and moving with uniform acceleration, it acquires 
a volocity v in t seconds, shew that the average horse-power at which 

the engine has worked is p cos a + sin cTj . 


11. A body is thrown up in a lift with a velocity u relative to the 
lift and the time of flight is found to be t. Shew that the lift is 

moving up with an acceleration ~ L — — . 

t 


12. The smoke from a steamer which is sailing due north extends 
in the direction E.S.E., whilst that from another sailing with the 
same velocity due south extends in the direction N.N.E. ; shew that 
the wind blows in the direction N.E. with a velocity equal to that of 
the steamer. 

13. A horse gallops round a circus, whose radius is 60 feet, with 
a velocity of 15 miles per hour; shew that the least value of the 
coefficient of friction between his hoofs and the ground is about £ . 

14. A slip-carriage was detached from a train and brought to rest 
in n minutes during which time it described a distance of 8 feet. 
Assuming the retardation to be uniform, find the velocity with which 
the train was moving when the carriage was slipped. 

15. A ship sailing south-east sees another ship, which is steam- 
ing at the same rate as itself, and which always appears to be in a 
direction due east and to be always coming nearer. Find the 
direction of the motion of the second vessel. 


16. A perfectly elastic particle is projected with velocity v at an 
elevation 0. A smooth plane passes through the point of projection 
and is inclined at an angle a to the horizon. Shew that the particle 
will return to the point of projection provided cot a cot (0- a) is an 
integer. 
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17. A particle moves from rest in a straight line with alternate 
acceleration and retardation of magnitudes f and /' during equal 
intervals of time t ; at the end of 2 n such intervals prove that the 

space it has described is [(2n + 1) / - (2n - 1) /']. 

18. A particle is placed upon a rough horizontal plate (coefficient 
of friction /x) at a distance a from a vertical axis about which the 
plate can rotate; find the greatest number of revolutions per minute 
which the plate can make without the particle moving relatively to 
the.platc. 

v/19. A cannon ball has a range It on a horizontal plane. If h and 
h' are the greatest heights in the two paths for which this is possible, 
prove that B = 4 *Jhh f . 

20. Find the greatest angle through which a person can oscillate 
on a swing, the ropes of which can just support twice tho person’s 
weight when at rest. 

21. Two masses, in and m\ are connected by a string of given 
length passing through a small smooth ring which turns freely about 
a vertical axis. The particle in is made to rotate with angular 
velocity u in a horizontal circle, so that the particle m remains at 
rest hanging freely from the ring. Shew that the distance of m' from 

i . • mg 

the ring is — ^ . 

° mw 2 

22. Two inelastic balls of equal size, but of masses m and m\ lie 
in contact on a smooth table. The former receives a blow in a 
direction through its centre making an angle a with the line of 
centres. Shew that the kinetic energy of the balls is 

m' (in + m' sin 2 a) 
m (m' + m sin 2 a) 

of what it would have been if the balls had been interchanged and m' 
had received the blow. 


23. A heavy particle projected with velocity u strikes at an angle 
of 4 5° on inclined plane of angle p which passes through tho point of 
projection. Shew that the vertical height of the point struck above 
/ . u 2 l + cot/9 

the Wfct o t projection is - • 


'24. An elastic body is projected from a given point with a given 
velocity V and after hitting a vertical wall returns to the point from 
which it started. Shew that the distance of the point from the wall 
e F 3 

must be less than , where e is the coefficient of restitution. 

l + s 9 
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25 . Two particles, of masses m and m', are moving in parallel 
straight lines at a distance a apart with given velocities v and v ' ; the 
particles are connected by a string of such a length that at the 
instant when it becomes taut it is inclined at an angle a to the two 
parallel straight lines; assuming that v>v\ shew that the impulsive 

tension on the string at the instant it tightens is ( v - v ') cos “• 

26. A smooth wedge, of mass M, is placed on a horizontal plane 
and a particle, of mass w, slides down its slant face which is inclined 
at an angle a to the horizon. Shew that the acceleration of m relative 

to the plane face is ^ + 711 g sin a. 

1 J/+msin 2 a 

27. A particle is placed on the face of a smooth wedge which 
can slide on a horizontal table ; §nd how the wedge must be movod in 
order that the particle may neither ascend nor descend. Also find the 
pressure between the particle and the wedge. 

28. A particle, of mass w, , is fastened to one end of a string, and 
one of mass to the middle point, the other end of the string being 
fastened to a fixed point on a smooth horizontal table. The particles' 
are then projected so that the two portions of the string are always 
in the same straight line and so that the particles describe horizontal 
circles; shew Unit the tensions of the two portions of the string are as 


29. At one end of a light string passing over a small fixed pulley 
a weight of 3 lbs. is suspended and a light pulley is suspended at the 
other end. Over this pulley another light string passes with weights 
of 2 lbs. and 1 lb. suspended at its ends. The whole system is let go 
from a position of rest; find the pressure on the fixed pulley while the 
system is moving and also the acceleration of the greatest weight. 

30. In a system of three movable weightless pulleys in which all 
the strings are attached to a beam, the highest string after passing 
over a fixed pulley has a mass of 3 lbs. attached to it, and the lowest 
pulley has a mass of 28 lbs. hung on to it. Shew that the larger mass 

will descend with an acceleration of -jfz . 


V3I. Two straight railways converge to a level crossing at an 
anglo a, and two trains are moving towards the crossing with velocities 
u and v. If a and b are the initial distances of the trains from the 
crossing, shew that their least distance apart will be 

(at? - bu) Bin « 

Ju*+v*-*uv cos a 
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32. If the distance between two moving points at any time be a, 
if V be their relative velocity, and if u and v be the components of V 
respectively in and perpendicular to the direction of a, shew that 

their distance when they aro nearest to ono another is , and that the 
time that elapses before they arrive at their nearest distance is . 


33. Two particles, of masses M and 3f+m, aro connected by a 
light string and placed near one another on a smooth table; on the 
string slides a light smooth pulley, supporting a mass Jl/, which is 
placed just over the edge of uhc table ; iind tho resulting acceleration 
of the pulley. 

34. In the system of pulleys where each string is attached to the 
bar which supports the weight, if there be two movable pulleys of 
negligible mass and the power bo quadrupled, shew that the weight 

will ascend with acceleration 


35. A string, one end of which is fixed, has slung on it a mass 
of 3 lbs. and then passes over a smooth pulley and has a mass of 1 lb. 
attached to its other end ; shew that the larger mass descends with 


acceleration ~ and that tho tension of the string is lj lbs. wt. 


36. A cyclist, riding at a speed V, overtakes a pedestrian who can 
move at a speed not grcaLer than v, the two travelling along parallel 
tracks at a distance d apart. Shew that if the cyclist rings his bell 
V 

when at a distance less than — d f lie may safely maintain his speed 
and keep to his course regardless of the behaviour of the pedestrian. 


37. A boy throws a stone into the air with velocity V at an 

elevation a ; after an interval of time a i— . he throws 

g [ Fcos a + V cos a ] 

another with velocity V' at an elevation a'; shew that tho second 
stono will strike the first. 


38. A shot, of mass m, penetrates a thickness t of a fixed plate 
of inass if M be free to move, and the resistance bo supposed 

uniform, shew that the thickness penetrated is • 

39. A string sustains a mass P at one end, then passes over a 
fixed pulley, then under a movable pulley to which a mass i2 is 
attached, and then over a fixed pulley and is attached to a mass Q at 
its other end. Assuming the masses of the string and pulleys to be 
negligible, and that the parts of the string not in contact with the 
pulleys are vertical, find the acceleration of R and the tension of the 
string. 
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40. A wedge of mass M can slido on a smooth horizontal plane, 
and the wedge has a face inclined at an angle a to the horizontal. 
Initially the wedge is at rest and a particle of mass m is projected 
directly up the inclined face. If the particle rise to a height h above 
the point of projection, shew that the velocity of projection is 



M 4 - vi 1 i 
il/+msin 2 a| 


41. A particle is at rest on a rough plane (coefficient of friction fi) 
inclined to the horizon at an angle a. The plane is moved hori- 
zontally with a constant acceleration / in a direction away from the 
particle; prove that the particle will remain at rest relative to the 


plane if /< 


cos a - y sin a 
cos a-f /t sin a 


42. A regular, hexagon stands with one side on the ground and 
a particle is projected so as jusfr to graze its four upper vertices. Shew 
that the velocity of the particle on reaching the ground is to its least 
velocity as *J'31 to ^3. 


43. In order to raise a weight which is half as much again as his 
own a man fastens a rope to it and passes the rope over a smooth 
pulley; he then climbs up the rope with an acceleration relative 

to the rope of Shew that the weight rises with acceleration 


and find the tension of the rope. 


44. A wedge of mass M and angle a can move freely on a smooth 
horizontal plane ; a smooth sphere of mass m strikes it in a direction 
perpendicular to its inclined face and rebounds. Shew that the ratio 
of the velocities of the sphero just before and just after the impact is 
M + m sin 2 a : eM - m sin 2 a, 
where c is the coefficient of restitution. 


45. Over a smooth light pulley is passed a string supporting at 
one end a weight of mass 4 lbs. and at the other a pulley of mass 1 lb. 
A string with masses 2 lbs. and 3 lbs. attached to its ends passes over 
the second pulley ; shew that the acceleration of the 4 lbs. mass is 
Op 

49* 

46. A string, of natural length a, is stretched on a smooth table 
between two fixed points at a distance na apart and a particle of mass- 
m is attached to the middle ,point of the string ; the particle is then 
displaced towards one of the fixed points through a distance not 

exceeding a and then liberated ; shew that it will perform oscilla- 
d 

tions in a period which is independent of n and of the distance 
through which it is displaced. 
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47. If tlio unit of kinetic energy be that of 5 lbs. which has 
fallen 50 feet from rest, the unit of momentum the momentum thus 
generated, and the unit of length the distance through which the 
particle has fallen, find the unit of time. 

48. A particle P moyes in a circle, of which OA is a diameter, 
and OF is drawn perpendicular to the tangent at P. Shew that the 
velocity of Y relative to P is equal to the velocity of P. 

49. Two men, of masses M and M + m, start simultaneously from 
the ground and climb with uniform vertical accelerations up the free 
ends of a weightless inextensiblo rope which passes over a smooth 
pulley at a height h from the ground. If the lighter of the two men 
reach the pulley in t secs., shew that the heavier cannot get nearer to 

50. A train, of mass AT, is travelling with uniform velocity on 
a level line; the last carriage, whose moss is m, becomes uncoupled 
and the driver discovers it after travelling a distance l and shuts off 
steam. Shew that when both parts come to rest the distance between 

them is -z- r Z, if the resistance to motion be uniform and propor- 

M-m 

tional to the weight, and the pull of the engine be constant. 

51. A small smooth pulley of mass M is lying on a smooth table; 
a light string passes round the pulley and has masses m and vi' 
attached to its ends, the two portions of the string being perpendicular 
to the edge of the table and passing over it so that the masses hang 
vertically ; shew that the acceleration of the pulley is 

4mm' 

M («i + m'Y+ 4mm' 

52. Shew that, if the effect of a horizontal wind on a projectile 
be an acceleration / in the direction of the wind and the effect of the 
resistance of the air bo neglected, the latus-rectum of the path of 
a particle projected with velocity v at an angle a to the horizon in 
the same vertical plane os the direction of the wind is 

2v a fa cos a +/ sin a) 3 

53. A particle lies on a smooth horizontal table at the foot of 
a smooth wedge of angle a and height h , and the wedge is mode to 
move along the table with constant acceleration /. If f>g ton a, 
prove that the particle will ascend the plane. Shew also that if the 
wedge moves in this way for time $, and then moves with constant 
velocity equal to that gained, the particle will just reach the top if 

t% _ 2pftseoa 
/(/cos a -g sin a) ’ 
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54. Weights of 10 and 2 lbs. hanging by vertical strings balance 
on a wheel and axle. If a mass of 1 lb. be added to the smaller weight, 
find the acceleration with which it will begin to descend, and the 
tension of each rope, neglecting the mass of the wheel and axle. 

55 . the differential wheel-and-axle c is the radius of the 
wheel, and a and b the radii of the two parts of the axle. A weight P 
attached to the wheel-rope just keeps the system in equilibrium ; if 
P be doubled, prove that it descends with acceleration 

2 c 

® X a~^7>+4c ’ 

the mass of the wheel and axle being neglected. 

56. A perfectly elastic particle is projected with a velocity v in a 
vertical plane through a lino of .greatest slope of an inclined plane of 
elevation a ; if after striking the plane it rebounds vertically, shew 
that it will return to the point of projection at the end of lime 

6 v 

0 [ 1 4 - 8 sin 2 a]^ 

57. Two pulleys, ouch of mass vi, are connected by a string 
hanging over a smooth fixed pulley ; a string with masses 2 m and 3?;* 
r„j its ends is hung over one pulley, and one with masses m and 4 m 
0731' tbs other. If the system is free to move, shew that the accelera- 
tion o* oither pulley is — . 

58. A i*ough vertical circle, carrying a bead, turns in its own 
plane about its centre with uniform angular velocity greater than 

where a is the radius and /i is the coefficient of friction. Shew that 
the bead will never slip. 

59 . A particle is projected along the inside of a vertical hoop 
from its lowest point with such a velocity that it leaves the hoop and 
returns to the point of projoction again. Find the velocity of pro- 
jection and determine where the particle leaves the hoop. 

60. A partiole which hangs from a fixed point by a string of 
length a is projected horizontally from the position of equilibrium 
with a velocity due to a height a+b. If 2b< 3a, shew that the string 
will be loose for a time t given by the equation 

WgaH*=m (9a* 
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61. A heavy particle is attached to one end of an clastic string, 
the other end of which is fixed. The modulus of elasticity of the 
string is equal to the weight of the particle. The string is drawn 
vertically down till it is four times its natural length, and then is let 
go. Shew that the particle will return to this point in time 

where a is the unstretchcd length of the string. 

62. Two men, A and li, each of mass w, sit in loops at the ends 
of a light ilcxible roj>e passing over a smooth pulley, A being h feet 

higher than B. In IBs hands is placed a ball, of mass ~ , which he 

instantly throws up to A, so that it just roaches him. Prove that 
by the time A has caught the ball he has moved up through the 
distance j-$h, and that he will cease ascending when he has ascended 
a total height of h. 

63. A smooth ring, of mass A/, is threaded on a string whose 
ends are then placed over two smooth fixed pulleys with masses m and 
m’ tied on to them respectively, the various portions of the string 
being vertical. The system being free to move, shew that the ring 
will remain at rest if 

4__l 1 

M~m + m’‘ 


64. A paiticle, of mass m , is placed on the face of a smooth 
wedge, of imiss Jl/, which moves along a smooth horizontal tabic 
being pulled horizontally by a string which, after passing over a 
smooth pulley carries a mass M r hanging vertically, the motions being 
all in a vertical plane passing through a line of greatest slope. Shew 
that the acceleration of m relative to the wedge is 
(A/ 4- AT + •»*) sin a + cos a 

ili + ilf' + wsin-a 


where a is the inclination of the face. Find also the pressure of in on 
the wedge. 


65. A smooth wedge is free to move on a horizontal plane in the 
direction of the projection of the lines of greatest slope and is held 
whilst a particle is projected up its face in a direction inclined to the 
line^'of greatest slope, and is then immediately released. Shew that 
theArack of the particle on the plane is a parabola. 

-✓66. A perfectly elastic ball is thrown from the foot of a plane 
inclined at an angle a to the horizon. If after striking the plane at 
a distance l from the point of projection it rebounds and retraces its 
former path, shew that the velocity of projection is 




r gl (1 + 3 sin 2 a) 
2 sin a * 
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67. A, heavy mass M, which can slide along a straight horizontal 
bar is attached to a fixed point at a distance c from the bar by a spiral 
spring of natural length a less than c such that a mass m hung on to 
it will stretch it by a length e ; shew that the time of a small oscilla- 
tion of M along tho bar, when it is slightly disturbed, will be 

»r< “4*. 

[ m 0 (c - rt)| 

68. A railway carriage is travelling on a curve of radius r with 
velocity v ; it h be the height of the centre of inertia of the carriage 
above the rails (which are at the same horizontal level) and 2a be the 
distance between them, shew that the carriage will upset if 

•Vf- 


69. A wedge of mass M rests with a rough face in contact with 
a horizontal table and with another face which is smooth inclined at 
an angle a to the table. The angle of friction between the wedge and 
tho table is c. A particle of mass in slides down the smooth face. 
Find the condition that the wedge may move; and prove that, if 
it move, its acceleration is 

m cos a sin (a - e) - M sin e 

- ' . - -L q, 

M cos e -f in sin a sin (a - «) 


70. A window is supported by two cords passing over pulleys in 
the frame- work of the window (which it loosely fits), the other ends of 
the cords being attached to weights each equal to half the weight of 
the window. One cord breaks and the window descends with accelera- 


Shew that f=g £ — ~ , where u is the coefficient of friction, 
da + bfi 


tion /. 

and a is tho height and b the breadth of the window. 


71. A weight of 300 lbs. is lifted by a vertical force which varies 
continually as the weight is raised according to the following table ; 

Height in feet above the ground ; 0, 1, 2, 3, 4, 5, 6, 

Lifting force in lbs. wt. ; 450, 320, 270, 410, 480, 610, 900. 

Find at the time when it is 5*5 feet from the ground (i) the 
potential energy stored in the mass, (ii) the kinetic energy of the mass, 
(iii) tho work done by the force. 

72. A mass of 10 lbs. is attached to the ground by a spring which 
requires a pull of 10 lbs. weight to stretch it one inch. The mass is 
lifted by a force which continually varies with the height as in the 
following table; 

x in inches; 0, 1, 2, 3, 4, 5, 6, 

Force in lbs. wt. ; 22, 36*2, 44-5, 49, 52, 51-8, 48. 

Estinlate the kinetic and potential energies of the mass when it 
has been lifted 2 inches and 4 inches respectively and estimate the 
velocity when it has been lifted 6 inches. 
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73. An engine pumps water through a hose, and the water leaves 
the hose with a velocity v ; shew that the rate at which the engine is 
working varies as v 3 . 

74. Tho weight supported by the driving wheels of a locomotive 
engine is 24 tons and the coefficient of friction between the wheels and 
the rails is J-; if the engine be of 700 ii.p., shew that the maximum 
velocity which the train can have, so that the wheels do not slip, 
is about 30 miles per hour. 

75. A railway train, of mass M , goes from rest at one station to 
rest at a second station, a distance l, In t seconds ; the friction of the 
rails, etc. causes a resistance of R lbs. wt., and for a portion of the 
distance the engine exerts a constant pull equal to P lbs. wt. Shew 
that 

P - ../%£_ 

and that P acts for a time 

2 Ml 
Rgt' 

76. A cyclist and his machine together aro of mass M lbs. ; if he 
ride, without pedalling, down an incline of 1 in m with a uniform 
speed of v ft. per sec., shew that to go up an incline of 1 in n at the 
same rate he must work at a rate equal to 

31 -f -1 ~ h.p. 

[_m nj 550 


77. A cyclist rides at the rate of 12 miles per hour on the level 
and 5 miles par hour up an incline of 1 in 40. The resistance to his 
motion other than that due to the incline being supposed constant, find 
this resistance, and also his greatest velocity down an incline of 1 in 100, 
if the weight of the rider and his machine be 180 lbs., and if he 
always works at a consbAt ii.p. 


78. Find the velocity acquired by a block of wood, of mass 
31 lbs., which is free to recoil when it is struck by a bullet of mass 
m lbs., moving with velocity v in a direction passing through its centre 
of gravity. 


If the bullet be embedded a foot, shew that the resistance of the 
wood to the bullet supposed uniform is 

Mm v* .. f 
i ; - lbs. Wt., 

31 + m 2ga 

2a 

and that the time of penetration i3 — secs, during which time the 


block will move 


w* 

31 +m 


a feet. 



ANSWERS TO THE EXAMPLES. 


I. (Pages 13 — 16.) 

4. 100 feet. 5. 120°. 

7. At an angle cos -1 (— ^), i.e. 126° 52' with the 
current; perpendicular to the cunent so that his resultant 
direction makes an angle tan -1 ] , i.e . 59° 2', with the current. 

8. 4^/3 miles per hour; 12 miles per hour. 

9. At an angle of 150° with AB produced; it will 
stiike X at right angles at the eml of fifteen minutes. 

10. At an angle of cos" 1 (— J J) (- 137° 10') with the 
direction of the car's motion. 

11. ^/29 (-5 # 38...) at an angle of elevation of tan" 1 £ 
(= 21° 48') with a horizontal line which is inclined at tan -1 £ 
(= 53° 8') north of east. 

12. (Vo-l)«; (7G-7 l>)|. 13. 60°. 

14. 14 at an angle cos~ 1 H (= 21° 47') with the greatest 
velocity. 

II. (Pages 21—24.) 

1. 55 ft. per sec. at an angle tan” 1 (- J) (= 143° 8') with 
tho direction of the train's motion. 

2. 20 miles per hour at an angle tan” 1 J (=36° 52') 
west of north. 

3. 15 miles per hour north-east. 

4. 10 miles per hour towards the south-east. 

5. 39 miles per hour in a direction cos" l T ^y (=67° 23') 
north of east. 

6. 32^ miles per hour. 

7. 2*/2 miles per hour at 45° to the vertical. 
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8. 7 N /5-»2 A y^(=10*31)milesperhour. Draw Oil (=14) to- 
wards the east and OB (=7) towards the south-east and 
complete the parallelogram OABG. Then OG is the required 
direction. 

10. 5-^ secs. 13. 24 minutes; 6 miles. 

14 . 2 ^ ft. per see. at tair 1 1 (= 3G° 52') with BA ; 3 feet 
at the end of 1|£ seconds. 

16 . 4-J2 miles per hour towards the south-east. 

17 . Towards the cast. 18. 3i> and v. 


III. (Pages 26 — 28.) 


1. radians per sec. 
o 

2. 8?r radians per sec.; 50 £ ft. per sec. 

3. ft. per sec.; radians per sec. 


4. 1 : 20 : 360. 

6. V. 

D 


5. 2} miles per hour. 
_ 3^7T 


10 . 60^/3 (= 103*9) miles per hour at +30° to the horizon. 

11 . - 8 jj 8 - radians per sec. ; 30 miles per hour. 

12 . 22 radians per sec.; 30 miles per hour. 

13 . 20 miles per hour; 10 miles per hour at +60° to 
the horizon; 10*/3 miles per hour at + 30° to the horizon. 

IV. (Page 30.) 


2. 5 miles per hour in a direction tan” 1 £ (= 53° 8') north 
of west. 

3. 5 ft. per sec. at 120° with its original velocity. 

4. 20 j2-J k 2 (= 15-31) ft. per sec. towards N.N.W. 

5. 12 ft. per sec. at 120° with its original direction. 
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V. (Pages 39—41.) 

1. (1) 17 ft. per sec. ; 4 7^ feet. (2) 0; 24 J. feet. 

(3) - A | ; 1 t 7 t secs. (4) 3 ft. per sec.; 6 secs. 

2. 40 ft. per see. ; 400 feet. 3. 40 secs. 

4. 20 ft.-scc. units. 5. 10 sees.; 150 cms. 

6. In 50 secs. ; 25 metres. 7. 18 ft. -see. units. 

8. 10 ft. per sec.; — ^ ft.-sec. unit. 

9. 19 ft. per sec.; 3 ft. -sec. units; 60-J- ft. 

10. 5 secs. ; 12^ ft. 11. 16 ft. -sec. units; 30 ft. per sec. 

12. 30 ft. per sec. ; — 2 ft.-sec. units. 13. 30 ft. 

14. \ — , and secs, respectively, 

o 3 o 

15. In 2 secs, at 16 ft. from 0. 16. Yes. 

17. Its displacement is 1 + 42^/2 ( = 10-97) ft. at an 
ansjle tan -1 ^ (= 48° 42 # ) north of east 

18. 10 secs, or 30 secs. 20. 36^ miles per hour. 

21. 323*5 feet; in the 4th sec.; 24 ft. -sec. units. 

22. 372-5 feet; § ft.-sec. units. 


VI. (Pages 46 — 48.) 

1. 25 ft. ; £ sec. and 2} secs. 

2. (i) In sec.; (ii) in 1J secs. 

3. In 1 \ and 2J secs. ; 50 ft 

4. (1) 1600 ft. ; (2) ^10 sec- i (3) 60 ft per sec. 
upwards. 

5. 432 ft 6. 44 secs. 7. 2 secs, or 5£ secs. 
8. 545 cms, per sec. ; £ sec. 9. 10-2 secs. 
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10. 

218 metres; 6| ( 

secs. 

11. 

32-18. 

12. 

900 ft. ; 7£ secs. 


13. 

100 ft. 

14. 

400 ft. 


15. 

144 ft. 

16. 

256 ft. per sec. ; 

1024 ft. 



17. 

t = 5 ; 64 ft. per sec. 

18. 

784 ft. 

19. 

1120 ft. per sec. 


20. 

150 ft. 


VII. 

(Pages 60.) 


1 . 

200 ft. ; 5 secs. 

2. 16^/3 ft. 

per sec. ; 

3. 

30°. 

4. 1 : 

: 4. 


6 . 

(1) - 89| ft. ; - 

- 60* ft. 

per sec. 


(2) 217£ ft. ; 92£ ft. per sec. 

6. 30°. 7. cos' 1 ! i.e., 75° 31'. 


VIII. (Pages 54 — 57.) 


1. 4080 ft. 2. 1 see. ; 1 £ secs. 

3. 96 ft. per sec. ; zero. 

4. The first will have fallen through one-quarter of the 
height of the tower. 

, 34 

5. g . 

6. sfgk, *Jyh) and 0, where h is the height of the plane. 

7. At the end of time - (u + \yt) from the starting of 

if 

the first particle and at a height of — (w* - 

~if 


8. 15 secs. 9. 96 ft. 10. 196 ft. ; 112 ft. per sec. 
11. The ports are 32, 96, and 160 feet; 3 secs. 

M. 00860 “ sec /?. 20. \/ /* ( 3 ~^)> 



• ANSWERS * 

24. f§ ft.-sec. units; -Jj ft.-sec. units ; 40 miles per 
hour. 

25. 60 miles per hour; 44 secs. ; 1936 ft. ; 8 secs. 

28. ft.-sec. units ; 40 ft. per sec. 

29. ft.-sec. units; ^ ft.-sec. units; 2 hrs. 3^ mins. 

IX. (Pages 66—68.) 

4. (1) b (2) | , (3) ■— ft. -sec. units. 

5. (1) 200 poundals; (2) 6£ lbs. wt. 

6. 15 lbs. wt. 7. lof lbs. wt. 

8. 48 ft.-sec. units ; 7 20 ft. 

9. 14 : 981 ; 140 ems. per sec. 

10. 71 secs. ; 13 J ft. per sec. 11. 2 min. 56 seci 

12. 14 secs. 14. 180 feet. 

15. 363J cms. per sec. ; 181| cms. ; 21800 cms. 

16. 49*05 kilogrammes. 17. 144 lbs, 

18. 12 lbs. 19. 7 J-J lbs. wt. ; 237£ lbs. wt. 

20. They are equal. 21. 110 lbs. wt. 

24. 133J ft. per sec. 


X. (Pages 81, 82.) 

1. |; 74 lbs. wt. 


2. (1) 4 ft.-sec. units ; (2) 7| lbs. wt. ; (3) 20 ft. per 
soc. ; (4) 50 ft. 

3. (1) 10$ ft. per sec. ; (2) 21$ ft. ; (3) 640 and —512 
ft. respectively. 

4. 4*41 . . .metres ; 495 grammes’ wt. 6. By 2 lbs. wt 



m 

2 ’ 


8 . 


9. 16 ft. 
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10. (1) yg; (2) */5 secs. ; (3) -^^5 ^ sec * 

11. 2 secs. 

12. (1) 2 ft. -see. units; (2) 2^£ lbs. wt. ; (3) 6 ft. per 
sec. ; (4) 9 ft. 

13. + 1) soc. 14. 40 ft. 

15. 24 lbs. 10 ozs. 16. 5 ozs. 17. In ratio 19 : 13. 

18. 2J- and 3J lbs. wt. ; 19. 29 ft. 9 ins. nearly. 

XI. (Pages 86—88.) 

1. *3. 2. 40-6 ft. per sec. ; 96 feet. 

3. *1. 4. —^sec. ; 8^/2 ft. per sec. 

5. ^^5 secs. ; ft. per sec. 

6. 16^/5 ft. per sec. ; 80 ft. per sec. 

8. The larger mass descends with acceleration 

2 N /3 — 3 
1 — 9— 

9. The particles do not move. 10. 2117£ ft. 

11. 605 : 18. 12. (i) 5 min. 8 secs. ; (ii) 6776 feet. 

13. 1 min. 42 § secs. ; 2258£ feet. 

14. 5f£ tons* wt. 15. 1 mile 1408 yds. 

16. 1224= yds. 17. 411^ feet. 

18. 5f£ tons' wt. ; 1 in 77 about; 1 in 50. 

XII. (Pages 93—97.) 

1. -Zero. 2. (i) 20 lbs. wt. ; (ii) 20| lbs. wt. 

3. 154 lbs, wt. ; 70 lbs. wt. 4. |. 

5. 2057| ft. 

6. 297 grammes’ wt.; 270 and 264 grammes’ wt. 
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7. 


8 . 

10 . 

14. 


21 . 


24. 

26. 

27. 

29. 

1 . 

5. 


7. 


1 . 

4. 

7. 

9. 


1 . 


2 . 

4. 

6 . 

feet. 


3J ozs. wt. 12^ ozs. wt. ; 3 ozs. wt. 

•938 ton’s wt. 9. 39-4 lbs. wt. nearly. 

7521 lbs. wt. nearly. 13. 10 hang vertically. 

3 : 5. 16. 80 feet. 18. G|- tons. 

3JKP 
W+W 


: 1 . 


22 . I - 9... secs. 


23. 


t n goes up with acc. ^ ; M goes down with acc. 


13 


13‘ 


Jf = 


4 mm 

m + jit * 


. .m — m 

the acc. is , n. 

m + m ' 


ft. -sec. units. 28. -^g. 

320 feet ; 28 miles per hour. 


XIII. 

4r? r ft. per sec. 
17® ft. per sec. 
9“SJ- tons’ wt. 


(Page 102.) 

4. 6 J ft. per sec. 

6 . 6 * 8 ... ft. 

8 . 1431 ft. per sec. nearly. 


XIV. (Page 105.) 

160. 2. 213 J. 3. 119*4(3. 

14*685 lbs. wt. 5. 2 I 3 . . 6 . 68 ^. 

7,392,000 ft. lbs. * 7*46 n.-r. 8 . 152 ft. lbs. 

209-2... tons’ wt. 


XV. (Pages 111, 112.) 

(i) 5120, (ii) 1280, (iii) 0 , units of kinetic energy. 
15625. 3. 125 x 10 9 . 

625 x 10'°; 3125 x 10 s . 5. 3160|£ ft. lbs. 

1 : 2 ; 15 : 1 ; 300 and 600 poundals; 600 and 20 
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3. 


4. 

5. 

6 . 

7. 


8 . 


11 . 

12 . 

14. 


16. 


18. 


19. 


22 . 

24. 

26. 


27. 


XVI. (Pages 114—117.) 

896000 units of impulse ; 4 ft. 

4ft.J T W10( = - 226 -)«ecs-J f- 

7 - 997 cms. per sec. ; 40775 grammes’ wt. nearly. 

Wt. of 104 cwt. 

The masses move with a velocity of 24 ft. per sec. 
§^/6 ft. per sec. ; y-^/30 ft. per sec. 

— , where u is the common velocity. 


m 


13. 7 ft. ; 26J secs. 


M+m' 

The velocities become ultimately equal. 

•169 : 1. 17. 20./2 ft. per sec. ; 560,000 ft. -lbs. 

1 144 tons’ wt. ; 28, 233, 333£ ft. -lbs. 

1 1 (yt- tons. 21. 3520 ft.-lbs, 

88.ffiw 


ion- 


23. 


E 


3 lbs. wt. ; 24£ lbs. wt. 

33 J units ; 1^ lbs. wt. ; ii.-p. 
69 *12 lbs. wt. 


XVII. (Pages 127, 128.) 

1. ( 1) 16 ft. ; 2 secs. ; 1 10*9 ft. ; (2) 75 ft. ; 4*33 secs. ; 
173-2 ft. ; (3) 134-4 ft. ; 5*795 secs. ; 144 ft. ; (4) 225 ft. ; 
7£ secs. ; 1200 ft 

2. 72 ft ; 112£ ft ; 312J ft 

3. 2609 *58... metres ; 652 *39... metres. 

4. 4*04 secs . ; 20 metres. 

6. 1333J ft. per sec. 7. 2h; 2*Jgk 
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8. 50*1 at tan” 1 yj ( = 28° 36') to the horizon. 

9. (1) 16^17 ( - 65-97) ft. per sec. at tan” 1 4 ( = 75° 58') 
with the horizon. 

(2) 16J37 (=97-32) ft. per sec. at tan” 1 6 (= 80° 32') 
with the horizon. 

10. 5543 yards nearly. 11. 13 secs. ; 3328 ft. 

13. 40^/6 ( -= 97*98) ft. per sec. at 45° to the horizon. 

14. 80^/110 ( = 839-04) ft. per sec. ; 48^110 ( = 503-4) 
ft. per sec. 

15. 1:^3; 1:1. 17. (1) 45°; (2) 30°. 

18. 15° or 75°. 

XVIII. (Page 133.) 

1. 2500 yards; 21-7 secs. 

p p 

2. At a distance (J 3- 1) ; |g. 

3. 62*5 ft nearly; -r* (3 J2 - J6), i.e., 1*2 secs, nearly; 
85 J ft. 

4. (1) 16000 ft.; (2) 112000 ft. 

5. 11716 ft. and 27 secs, nearly; 10718 ft. and 25*9 
secs, nearly; 19048 ft. and 34‘4 secs, nearly; 14444|- ft. 
and nearly 30 secs, 

6. 2929 yards nearly ; 17071 yards nearly. 

8. 84*95 metres; 441*4 metres. 

XIX. (Page 138 — 141.) 

1. A circle of about 91 miles radius. 

2. About tan" 1 ( i.e . 5° 43') to the horizon. 

3. 3J ft.; 9*185... ft 4. About 121 ft. 

5. In 7 \fth sec. at a point whose horizontal and vertical 
distances from the first gun are 47*63... and 27*46 ft 
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8. 30°. 14. 2./— cos a. 

V g 

15. The rifle must be pointed at the balloon ; the bullet 
will strike the body when it has fallen 16 ft. 

18. 2 Jibs. 19. 5*6 ft.; 29*32 ft. 

20. 272 J ft.; 324 ft.; 225 ft. 

21. j (sin a ± cos a) secs., where u is the velocity, and a 

the angle, of projection. 

23. 80 ft. per sec. 

XX. (Page 148.) 

1. 7*29 ft. 

6. 2^/13 (=. 7-2) ft. per sec. at tan" 1 V- (- 16° 6') with 

the plane. 

8. (1) 4^/43 (--26-2) ft. per sec. at tan -1 52*25') 

with the plane ; 

(2) 20 x /2(=28-3) ft. per sec. at tan -1 ^ (~ 36° 52') 
with the plane ; 

(3) 4^/57 (--= 30*2) ft. per sec. at tan" 1 ~-^(-23°25') 
with the plane. 

XXI. (Pages 154—156.) 

1. 4^ f and 4£ ft. per sec. 2. 3| and 5 JA ft. p er sec. 

3. The first remains at rest; the second turns back 
with a velocity of 6 ft. per sec. 8. 

9. (1) The masses are as 3 : 1; (2) the velocities are 
as 1 : 2. 

11. 5*66... and 2*5 secs. 

17. 5 N /5w(=t6x 1 1 •180...) at tan- 1 £ (= 26° 34'), and 

«/§05m (= w x 14-318...) at tan- 1 T \(= 12° 6') 
with the line of centres. 
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XXII. (Pages 162—164.) 

3. 60 ft.; 3*464 secs. 4. 8 secs. ; 443*4 ft. 

6. At a distance h from the foot of the tower. 

9. At a point distant T ^th of the circumference from 
the starting point. 

16. 4 el sin 2 a cos a. 17. 2 ^3 ne ( 1 + e) ft. 

19. Draw BN perpendicular to the vortical plane, and 
produce to C so that BN — e % CN\ the required direction 
is then AC. 

XXIII. /Page 172.) 

1. 60 poundals. 2. 28*6. 3. 48*3. 

5. 24 ft. per sec. 6. About 13*4. 

7. l- x I jj tons’ wt. 8. 2*42 tons’ wt. 


XXIV. (Pages 178—181.) 

1. About 5*66 lbs. wt.; about 8*24 ft. per sec. 
4. 12 ft. per sec. 6. 4*9 inches. 

7. 3*02 inches. 8. G*18 inches. 


about 108. 


13. 371 : 3G9 : 370. 


10. 60 about 108. 13. 371 : 3G9 : 370. 

16. m (g — i-rPn-b) poundals ; \J \ * 

19. mv z :mv 2 . 20. \f —r !^ — 

lie V m (c-a) 


19. mv z : mV 2 . 


21. It must be reduced to one quarter of its original 
value. 

22. 1 : 5 secs. 23. J ± 

25. (1) *57 ton’s wt. on the inner rail approx.; (2) ‘80 
ton’s wt. on the outer rail approx. 
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XXV. (Pages 190—193.) 

1. (1) 20*8 ft. per sec.; 22*G lbs. wt. ; (2) 15-5 ft. per 
sec.; 7'G lbs. wt. 

2. 21*9 ft. per see.; 30 lbs. wt. 

3. 8^/3 ft. per sec. ; 3 mg. 

4. (1) 24ft. per sec.; (2) 12^/2 ft. per sec.; (3) 8^/3 ft. 
per sec.; 12 ft. per sec. 

5. G times the wt. of the particle ; 40 ft. per sec. 

6. 448 ft. per sec.; wt. of 9 cwt.; wt. of 4i cwt. 

9. of the radius of the circle. 

cl 1 6d! 

10. — r and -rpr-, where d is the diameter of the circle. 

01 oi 

11. c = v . 13. 1 lbs. wt.; oj3m lbs. wt. 

14. \ *Jga(28-'2 J2). 18. 12 ft. per sec.; 9 ins. 

20. 80 cms. nearly. 


XXVI. (Pages 199, 200.) 


1. (1) J 2 secs. ; (2) ^ secs. ; (3) 1 sec. 

2. 2J2, 14, and tt ft. per sec. 

3. (1) tt, (2) 327Z-, and (3) 2 ft. per sec. 

4. 3*46 ft. per sec. 5. 7 r secs. ; 20 ft. -sec. units. 

7. 25 centimetres nearly. 8. 4 ins. ; I’ll secs. 


9. 



secs. -- *56 sec. 


10 . 




, where a is the unstretched length of the 


string, X its modulus of elasticity, and m the mass of the 
particle. 


XXVII. (Page 206.) 


1. 20-4 ft. .3. 32-249. 

4 (1) 9-78 ins. ; (2) 2-445 ins. ; (3) 156-48 ins. 

5. 330. 7. 32-16... 8. 77756 nearly. 
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XXVm. (Pages 211, 212.) 

1. 32-185. 2. 1-00046 : 1. 3. About 215. 

4. It must be shortened by *008 inch. 

5. It must bo lengthened by *0045 inch. 

6. 432. 7. 55. 8. 981. 

9. It loses about 10 secs. 10. 1630 yards; 5 secs. 

11. 1-0005 : 1; 1-852 miles. 

12. 10*8 secs.; about -01 inch. 

20. t? secs. ; 3 ins. per sec. 

XXIX. (Page 219.) 

1. 88 ft. per sec. ; H ft. -sec. units. 

2. 1320 ft. per sec. ; 330 ft. -sec. units. 

3. 880 yards ; ^ ft.-sec. units. 

5. 57} feet. C. 88 yds. 

8. (1) 8, (2) {}, (3) 384000. 9. 3511303. 

10. 126-Jf 11. 11 secs. 

XXX. (Pages 224—226.) 

1. 40 J poundals. 2. 1 poundal ; 10 foot-poundals. 

3. | sec. 5. 8800 yards; 300 secs.; 54^ tons. 

6. 342?- yards. 7. 400 ft.; 90 lbs. 

8. 11 lbs. 10. 1 : 9 ; 1 : 3; 2 : 15. 

12. 4 . x 120 4 ; 115200. 13. 1# ft* f sec. ; 8 lbs. 

14. 800 ft. ; 5 secs. ; 2 lbs. 

15. 14112 yards; 21 secs.; lb. 

16. 18*21... metres ; 5*45 sees.; 4*30... grammes. 

17. 1 mile ; 8 minutes ; 99?| tons. 

18. 600 ft.; secs;; 1200 lbs. 

19. miles; 15 J minutes; 88 tons. 20. g lbs. 
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MISCELLANEOUS EXAMPLES. 
[Pages 231 — 240.] 


1. 144 feet. 

#3. 1J inchs. 

7. *77... sec.; 217 : 102. 


15. South-west. 


2. 57 G feet ; 6 secs. 

4. 7 J oz. wt. ; 5 j oz. wt. 


V?- 


20. 60° on each side of tho vertical. 

27. With an acceleration </tana toward the side on 
which the particle is ; sec a times the weight of the particle. 


29. 5\\ lbs. wt.; 


OQ 2 M + m 

33, UM + bm 9 ' 


qo 1 4\ /I 1 4\ n 1 4\ 

39 ' 9 \P Q J{) ' \P ■' y + yj 5 4y ■ + Q + Av 

43. -Y a - times the weight of the man. 

47. 1^*2 secs. 54. ^ ; 2 1 2 T lbs.wt; 10} 2 lbs. wt. 

59. at a point where the radius makes an 

angle of 30° with the horizon. 

„ . M + M f — M' tan a 


\ . a 1 4\ 

j ; 4y ■ + # + ii)‘ 


64. mg cos a 


M + M 9 + m sin a a * 


69. The coefficient of friction must be < a . 

M + m cos -4 a 


71. 1C50 ft. lbs.; 737-5 ft. lbs.; 23S7-5 ft. lbs. 

72. 2*45... and 3£ ft. lbs.; 3*89... and 10ft. lbs.; 3 9 
ft. per sec. 

77. 3-j\ lbs. wt.; 27 T 3 r miles per hour. 
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